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Abstract
Stability and efficiency are two fundamental requirements for any component to be
used in space applications, and electric thrusters are no exception. This Thesis consists
of two parts, each of which addresses a topic concerning the two cited aspects.
In the first part we investigate an unstable operating regime of a specific class of
high-power plasma thrusters, the magnetoplasmadynamic (MPD) thrusters. These
thrusters potentially offer unique values of thrust density and specific impulse which
make them suitable for space missions in which both mass savings and mission dura-
tion are a concern. The operation of these devices is strongly limited by the inception
of the cited critical phenomenon, which is known simply as onset in the literature.
Despite the onset regime has been extensively investigated, with both theoretical
and experimental approaches, a complete and clear theoretical framework in which to
fit all the experimental results is still missing. To this scope we first start with a detailed
and critical review of the last 50 years of research on the topic, aiming at providing a
classification of the main results starting from the different thruster configurations.
The main contribution of the first part is then the development of a complete and
physically plausible theory in which we provide explanations for the different aspects
of the onset phenomenology in self-field MPD thrusters. We address the problem of
the breaking of the azimuthal symmetry of the discharge, explaining the underlying
physical mechanism and providing a quantitative criterion for this to occur. We then
show that this azimuthal instability is also at the base of the formation of the filamen-
tary plasma structures which have been observed in experimental investigations. The
nature of the unstable dynamics of these filaments is then addressed and finally we
propose a mechanism which explains the connection between the plasma dynamics
and the electrical response of the thruster.
We conclude the first part by looking at possible design choices which could help
improve the stability of these devices. Among others, particular attention is given to
an alternative concept developed by A.I. Morozov, the Quasi-Steady Plasma Accel-
erator, which requires a staging strategy in which the ionization of the propellant is
separated from the acceleration phase. A technical solution for the implementation
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of this concept in MPD thrusters would be the development of an efficient annular
plasma source.
In the second part of this work we focus on the possibility of developing an annular
helicon plasma source. Helicon sources have undergone a rapid diffusion in practi-
cally all the branches of research on low-temperature plasmas, as a consequence of
their simplicity and potentially high ionization efficiency. The use of these sources as
ionization stages in high-power plasma thrusters can potentially lead to an increase of
the overall efficiency of the device and contribute to widen its operational envelope,
as well as help in creating favorable conditions for stable operation. The goal of this
work is to provide a basis of knowledge to help and guide future developments and
designs of this kind of sources.
First we investigate the problem of the excitation and propagation of helicon waves,
which are bounded modes of whistler waves, in an annularly bounded homogeneous
plasma. Finite electron mass effects and all possible combinations of boundary con-
ditions are included in the study, for which closed form analytical solutions are pro-
vided. A parametric analysis of the solution as a function of the main driving param-
eters is performed.
The problem of the radial equilibrium of a magnetized plasma in annular configu-
rations is then addressed. By making use of a two-fluid model in a non-dimensional
form, the most important parameters affecting both the plasma equilibrium and the
wall losses are illustrated. As a result of a parametric study, the interplay between
magnetic confinement and collisional effects is stressed to be the most important mech-
anism, and the effects induced by other parameters such as a finite ion temperature,
plasma beta and geometry of the source are illustrated.
Given the relative importance of collisional effects in the radial equilibrium problem,
in which neutral particles can play a major role at low ionization levels, we then report
the results of a joint experimental and numerical activity aiming at the validation
of a procedure that allows to calculate the neutral particle background in a helicon
source. The results of this activity also give indication of a possible role played by the
propellant injection system in the neutral pumping phenomenon, which is known to
be a potential limiting factor of the efficiency of these devices.
The last part of the thesis concerns an experimental activity carried on an annular
helicon source. This activity involved designing and building both the plasma source
and a diagnostics setup to perform optical emission spectroscopy measurements. The
setup allowed to perform scans of the light emitted by the plasma through a cross
section of the device in between adjacent magnets. The occurrence of some calibra-
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tion issues of the spectrometer did not allow for a quantitative estimate of the plasma
parameters (electron temperature and number density), but the recorded spectra give
indication of an inductive coupling mode of the source with the RF antenna. Taking
into account the results of the model on the radial equilibrium, it is likely that the
plasma in the source was collision-dominated. Finally, the linear scans of the emitted
light are not in general axi-symmetric, which is not expected given the nominal sym-
metry of the source, thus indicating the possibility that asymmetric equilibria might
exist in these sources.
- viii -
Aknowledgements
Being the most complex nonlinear systems we know, I believe human beings tend to be
profoundly affected by the vastness of external stimuli they continuously receive. One
of the greatest sources of such stimuli are people around us. Each person we meet and
with whom we share even a short period of our life, is what I would call a collision in
plasma-terminology. Some of these collisions might be head-on, imposing or favoring
sudden and strong changes of directions to our journey, either in the direction we wish
to go or in the opposite one. Some others are what we call glancing collisions, which
apparently induce only slight deviations, but nonetheless contribute to continuously
shape our path.
Along the way of my Ph.D. journey I have collided countless times with countless
people, and I am glad it happened. From the scientific standpoint there are things
which I am proud of, and others which I wish would have gone better. But I am
quite sure that in the long run what will come out of the sieve of my memories will
be exactly those encounters, which gave me so much more than a couple of journal
papers. And a few paragraphs are certainly not sufficient to fully convey my gratitude
to all the people I have come in touch with during this experience.
This adventure started in Pisa, and I am grateful to Prof. Andrenucci for giving me
the opportunity to dive into a field I fell in love with. His expertise and passionate
teaching have been inspirational, and his supportiveness greatly helped me to persist
in following the choices I made.
My Ph.D. experience has been greatly enriched by an unforeseen deviation. I am
sincerely grateful to Prof. Mitchell Walker for giving me the opportunity to join his
lab at Georgia Tech. What started just as a compelling necessity to widen my personal
and professional horizons, turned out to be one of the most important periods of my
life. I gratefully acknowledge Prof. Walker’s support, which has been an important
driver for a positive outcome of my efforts in the last couple of years.
I acknowledge the kindness of Prof. Mengali, Prof. Maria Vittoria Salvetti, Prof.
Bennati and Prof. Paganucci during these years, as they helped in different ways to
make the path easier to follow.
Both close and far (but still ever-present) friends have always been a key factor
- ix -
in reaching and keeping a good balance: Francesca, Gaetano, Giovanni, Costantino,
Damiano, I owe you sincere gratitude.
I shared the period I spent in Pisa with many people, and the group at Alta had
obviously a great influence on me. Riccardo, Tommaso, Tommy, Fede, Giovanni, Luca,
Lucio . . . each and every one of them gave me something I am grateful for.
Moving to the States, I would have never believed I could have found real friends
in such a short time. Scott (the King), Natalie (don’t forget The Show!), Brent (the
Champion), Gabi, Sam, Gabe (Prof. X), Kim . . . when I think about it I still can’t believe
how good was the time I had with you all and how helpful you were during that
period. I will never sufficiently thank you all for that. Obviously I don’t want to
forget all the other people at the lab from whom I learned much: Logan, Alex, Lake,
Jonathan, Rafael, Sharrie. I also want to thank Marco, Martina and Hu for the time
spent together in Atlanta.
The constant support of my family, my parents, my brother and sister, my grand-
parents was obviously crucial to stay on track during the inevitable tough moments.
Simply thanks.
Finally, I owe my thanks to Sara. Her unique capability to look at my weaknesses
and strengths contributed to make me a much more mature and well-balanced person
along the way. She has been giving much more meaning to my actions than I could
sometimes find on my own, and I am profoundly grateful for this.
- x -
Contents
Contents
I SYMMETRY BREAKING AND ONSET IN MAGNETOPLAS-
MADYNAMIC THRUSTERS 3
1 Basics of magnetoplasmadynamic thruster operation 5
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2 Electromagnetic plasma acceleration and thrust generation . . . . . . . . 6
1.3 Real thruster effects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.3.1 Back-electromotive force . . . . . . . . . . . . . . . . . . . . . . . . 9
1.3.2 Alfvén’s critical ionization velocity . . . . . . . . . . . . . . . . . . 10
1.3.3 Efficiency limitations and anode power losses . . . . . . . . . . . 12
1.4 Onset inception and critical parameters . . . . . . . . . . . . . . . . . . . 12
1.5 Objectives of Part I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2 Magnetoplasmadynamic thruster onset 21
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.2 Onset phenomenology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.2.1 Symmetry breaking: plasma spokes vs plasma filaments - the
role of thruster configuration . . . . . . . . . . . . . . . . . . . . . 22
2.2.2 Ablation of thruster components . . . . . . . . . . . . . . . . . . . 28
2.2.3 Voltage fluctuations: oscillations vs hash . . . . . . . . . . . . . . 30
2.3 Theoretical investigations . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.3.1 The role of particle density and the anode crisis . . . . . . . . . . . 38
2.3.2 Plasma instabilities . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.3.3 Onset induced by back-EMF . . . . . . . . . . . . . . . . . . . . . 47
- xi -
Contents
2.3.4 Uribarri’s model of voltage hash . . . . . . . . . . . . . . . . . . . 48
2.3.5 Anode spots and current filamentation . . . . . . . . . . . . . . . 49
2.4 Attempts to delay onset . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
2.4.1 Mitigation of anode starvation . . . . . . . . . . . . . . . . . . . . 51
2.4.2 Stabilization of kink modes . . . . . . . . . . . . . . . . . . . . . . 53
2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3 Symmetry breaking and filamentation instability in MPD thrusters 57
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.2 Current filamentation in a coaxial current-carrying plasma . . . . . . . . 58
3.2.1 Simplified plasma model . . . . . . . . . . . . . . . . . . . . . . . 58
3.2.2 Linear stability analysis . . . . . . . . . . . . . . . . . . . . . . . . 61
3.2.3 Effect of collisions with neutrals . . . . . . . . . . . . . . . . . . . 64
3.3 Steady nonlinear filamentation . . . . . . . . . . . . . . . . . . . . . . . . 65
3.3.1 Stability of the filamented pattern and mechanisms behind fila-
ment disruption . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
3.3.2 Observations on critical conditions for filamentation . . . . . . . 70
3.4 Current filamentation and voltage fluctuations in MPD thrusters . . . . 72
3.4.1 Filamentation regime . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.4.2 Filamentation-saturation regime . . . . . . . . . . . . . . . . . . . 76
3.4.3 Similarities and differences between voltage oscillations . . . . . 77
3.5 Passive stabilization method . . . . . . . . . . . . . . . . . . . . . . . . . . 78
3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4 Conclusions and future perspectives 83
4.1 Summary of main results . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.2 Future perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.2.1 Theoretical investigations . . . . . . . . . . . . . . . . . . . . . . . 84
4.2.2 Stability-oriented indications for thruster design . . . . . . . . . . 85
4.2.3 Transparent electrodes and the QSPA . . . . . . . . . . . . . . . . 85
4.3 Final remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
II PLASMA GENERATION IN ANNULAR HELICON SOURCES 93
5 Basics of helicon plasma sources operation 95
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
- xii -
Contents
5.2 Classification of plasma sources . . . . . . . . . . . . . . . . . . . . . . . . 98
5.2.1 DC glow discharges . . . . . . . . . . . . . . . . . . . . . . . . . . 98
5.2.2 RF plasma sources . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
5.3 Wave propagation in unbounded cold plasmas . . . . . . . . . . . . . . . 103
5.3.1 The problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
5.3.2 The dispersion relation . . . . . . . . . . . . . . . . . . . . . . . . 107
5.3.3 Frequency ranges and associated waves . . . . . . . . . . . . . . . 108
5.3.4 Off-axis propagation . . . . . . . . . . . . . . . . . . . . . . . . . . 111
5.4 Helicon plasma sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
5.4.1 Helicon wave propagation in cylindrical sources . . . . . . . . . . 115
5.4.2 Power absorption mechanisms . . . . . . . . . . . . . . . . . . . . 117
5.4.3 Real sources effects . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.5 Objectives of Part II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
6 Helicon wave propagation in annular sources 123
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
6.2 The wave equations in a homogeneous plasma . . . . . . . . . . . . . . . 125
6.2.1 Solution in annular configurations . . . . . . . . . . . . . . . . . . 128
6.3 The wave equations in vacuum . . . . . . . . . . . . . . . . . . . . . . . . 130
6.4 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
6.4.1 Insulating boundaries . . . . . . . . . . . . . . . . . . . . . . . . . 134
6.4.2 Conducting boundaries . . . . . . . . . . . . . . . . . . . . . . . . 135
6.4.3 Mixed boundary conditions . . . . . . . . . . . . . . . . . . . . . . 136
6.5 Eigenvalue spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
6.6 Wave field patterns . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
6.7 Dispersion relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
6.8 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
7 Equilibrium of magnetized annular plasmas 159
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
7.2 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
7.3 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
7.4 Definition of wall losses . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
7.5 Approximate solutions in the zero-β limit . . . . . . . . . . . . . . . . . . 168
7.5.1 The unmagnetized plasma regime . . . . . . . . . . . . . . . . . . 169
7.5.2 The strongly magnetized plasma regime . . . . . . . . . . . . . . 170
7.6 Radial profiles of plasma quantities in annular configurations . . . . . . 174
- xiii -
Contents
7.6.1 Effect of channel geometry, finite ion temperature and finite β . 180
7.7 Eigenvalues and wall quantities . . . . . . . . . . . . . . . . . . . . . . . . 184
7.8 Wall fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
7.9 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 190
8 Neutral gas expansion in a helicon chamber 193
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
8.2 Experimental Apparatus . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196
8.3 Direct Simulation Monte Carlo Simulations . . . . . . . . . . . . . . . . . 198
8.4 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
8.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206
9 Experimental characterization of an annular helicon source 209
9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
9.2 Optical emission spectroscopy measurements . . . . . . . . . . . . . . . . 210
9.2.1 Line-ratio technique . . . . . . . . . . . . . . . . . . . . . . . . . . 211
9.2.2 Abel inversion of axi-symmetric emission profiles . . . . . . . . . 213
9.3 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 214
9.3.1 The annular source . . . . . . . . . . . . . . . . . . . . . . . . . . . 214
9.3.2 Diagnostics and measurement procedure . . . . . . . . . . . . . . 217
9.3.3 Measured spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . 221
9.4 Symmetry of the emission profiles . . . . . . . . . . . . . . . . . . . . . . 226
9.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
10 Conclusions and future perspectives 233
10.1 Summary of main results . . . . . . . . . . . . . . . . . . . . . . . . . . . 233
10.2 Future work and final remarks . . . . . . . . . . . . . . . . . . . . . . . . 234
III APPENDIXES 237
A Fundamental properties of 2D plasma equilibria in SF-MPD thrusters 239
A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239
A.2 Formulation of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . 240
A.2.1 Calculation of losses and efficiency . . . . . . . . . . . . . . . . . 246
A.3 Special case: MHD flow in conical geometry . . . . . . . . . . . . . . . . 248
A.4 Cylindrical geometry with gasdynamic contributions . . . . . . . . . . . 251
- xiv -
Contents
A.4.1 Solutions with horizontal asymptote . . . . . . . . . . . . . . . . . 254
A.4.2 Conditions for smooth sonic transitions . . . . . . . . . . . . . . . 256
A.4.3 Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257
A.4.4 Calculation of losses and efficiency . . . . . . . . . . . . . . . . . 259
A.5 Limits of the model and the necessity for the axial current . . . . . . . . 261
A.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264
B Analytical solution of whistler waves in annular plasmas 267
B.1 Fundamental properties of vector differential calculus . . . . . . . . . . 267
B.2 Properties of Bessel functions . . . . . . . . . . . . . . . . . . . . . . . . . 268
B.3 Analytical quantities used to express the closed form solutions . . . . . 269
B.4 Wave solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 271
B.4.1 Insulating boundaries . . . . . . . . . . . . . . . . . . . . . . . . . 271
B.4.2 Conducting boundaries . . . . . . . . . . . . . . . . . . . . . . . . 272
B.4.3 Conducting boundary at inner vacuum interface - Insulating bound-
ary at outer interface . . . . . . . . . . . . . . . . . . . . . . . . . . 272
B.4.4 Insulating boundary at inner vacuum interface - Conducting bound-
ary at outer interface . . . . . . . . . . . . . . . . . . . . . . . . . . 273
References 275
- 1 -
Contents
- 2 -
PART I
SYMMETRY BREAKING AND ONSET IN
MAGNETOPLASMADYNAMIC
THRUSTERS

1
Basics of
magnetoplasmadynamic
thruster operation
1.1 Introduction
Magnetoplasmadynamic (MPD) thrusters offer the potential to cover a specific range of
propulsive parameters which is not covered by any other available device in the realm
of Electric Propulsion (EP). In most common configurations, these thrusters combine
medium-high specific impulse levels, common values being 1000÷5000 s, with thrust-
levels covering the range 10−1 ÷ 101 N, as a result of thrust densities (thrust per unit
cross-section of the device) which can reach values up to 103 N/m2. These propulsive
parameters, and in particular the relatively high thrust-densities, are necessary in all
those cases in which mission duration is a major constraint, as it is the case for future
manned exploration missions, among which manned Mars landing, in order to reduce
the exposure of the crew to harmful cosmic radiations. Both the two other major EP
devices, i.e. Hall effect thrusters (HET) and Gridded Ion Thrusters (GIT), have too low
values of thrust densities (on the order of 10−1 N/m2 and 100 N/m2 respectively) to
make them a plausible alternative. In addition, if the full electromagnetic acceleration
regime is successfully reached and maintained, MPD thrusters ideally offer the unique
capability of independently throttling the thrust level, determined by the square of the
total imposed current, J2, and the specific impulse, which is instead proportional to
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the ratio k = J2/m˙ between the squared total current and the propellant mass flow
rate.
Unfortunately, the research activities carried during the last 50 years worldwide on
these devices have produced so far somehow disappointing results. The measured
performances have not completely fulfilled the great expectations of the very first
days that followed the discovery of the electromagnetic acceleration mechanism which
underlies the operation of MPD thrusters (this discovery took place in 1965 at the
Giannini Scientific Corporation, under the guide of the italian scientist Adriano Ducati;
a detailed historical excursus on MPD thruster research activities appears in the topical
review by Andrenucci (2010a)).
The causes which have so far hindered the operation of MPD thruster in space are
several. First, the common levels of current and power required to enter the fully
electromagnetic acceleration regime are in the order of 103 ÷ 104 A and 0.5÷ 10 MW
respectively, both of which are prohibitively high for the current state-of-the-art space-
craft technology. The second factor is a relatively low thrust efficiency, usually limited
to values around 20% for thrusters fed with noble gases. Last, but most important
from the standpoint of this work, is the manifestation of an unstable regime arising
beyond a critical operating point, which has come to be known simply as onset in the
literature.
In this chapter a brief review of the fundamental operating principles of magne-
toplasmadynamic thrusters will be given, as many of the concepts which will be in-
troduced here are required to fully understand the physical mechanisms which lead
to the inception of the onset regime, to be discussed in the following chapters. A
thorough review of the subject has been recently given by Andrenucci (2010b).
1.2 Electromagnetic plasma acceleration and thrust generation
MPD thrusters are current-driven devices which consist of two coaxial electrodes, an
inner cathode and an outer (electron-collecting) anode, and in which a plasma is accel-
erated by the so called Lorenz force, generated by the interaction of the currents flowing
through the plasma and the self-generated, or possibly externally applied, magnetic
field.
Two are the main configurations of MPD thrusters: self-field (SF) and applied-field
(AF) thrusters. In the first case, the magnetic field inside the thruster volume is only
created by the current carried by the plasma itself, while in the applied-field version a
solenoidal magnetic field is externally applied which gives rise to additional compo-
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nents of currents and forces, allowing for operation at lower power levels than those
required by SF-MPD thrusters, as current levels in the order of 10 kA are required to
generate a sufficient magnitude of the induced field in order to get reasonable thrust
levels. In Fig.(1.1), the basic outlines of both versions are reported. The possibility to
adopt either a rod-shaped or a hollow cathode is also illustrated.
Figure 1.1: Schemes of MPD thruster configurations: (a) SF-MPD thruster with long
rod-shaped cathode; (b) SF-MPD thruster with short hollow cathode; (c)
AF-MPD thruster cross-section (from (Andrenucci, 2010b)).
The propellant, usually Argon, is injected either through the back plate of the ac-
celeration channel or through a hollow cathode (in this case shorter than the anode),
and is ionized by the externally imposed current which is forced to flow in between
the electrodes. Because of the geometry of the thruster and of the presence of a finite
electron Hall parameter, current lines present both a radial and an axial component,
while the axisymmetry of the device leads to a purely azimuthal self-induced mag-
netic field. As the Lorenz force is given by the cross-product between the local current
- 7 -
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density and magnetic field vectors, the plasma is both accelerated axially outwards,
generating a thrust, and compressed radially (”pinched”) on the axis of the device. As
anticipated, in AF-MPD thrusters the additional solenoidal magnetic field interacts
with the plasma flow and gives rise both to azimuthal currents and to an azimuthal
rotation of the plasma. These additional current and velocity components contribute
to thrust generation, the first by interacting with the radial component of the magnetic
field in the so-called magnetic nozzle downstream the acceleration channel; the second
one by allowing partial recovery of the energy deposited in the plasma rotation (swirl
motion) to be exploited for further axial acceleration by means of the magnetic mirror
effect (a consequence of the adiabatic invariance of the magnetic moment).
Despite the apparent simplicity, the details of the acceleration process involve a
complex interaction between ions and electrons, whose dynamics are strongly coupled
both by means of collisional momentum transfer and by the respective response to
and reciprocal influence on the local electromagnetic fields (Andrenucci, 2010b). The
simplest model used to describe thrust generation in SF-MPD thrusters is the so called
Maecker’s formula, which is based on the volume integration of the Lorentz force under
the assumption that the current density vector has only a radial component and the
electrodes are cylindrical. Axisymmetry-symmetry is also assumed. It can be shown
that in this case the total force acting on the fluid, i.e. the net thrust generated, is given
by
T =
µ0 J2
4pi
ln
ra
rc
= bJ2 , (1.1)
where ra, re are respectively the anode and cathode radii, µ0 is vacuum magnetic
permeability and J is the total imposed current. The ∝ J2 scaling of thrust in SF-MPD
devices has been confirmed by experiments, although it is known to be valid only
in the so called fully-electromagnetic regime of operation, in which all the propellant
entering the channel is ionized and takes part to the acceleration process.
From Maecker’s formula, it is straightforward to calculate the power required to
drive the thruster and the voltage that should be observed at the terminals of the
circuit:
P =
m˙v2e
2ηT
=
T2
2ηTm˙
=
b2 J4
2ηTm˙
,
V =
P
J
=
b2 J3
2ηTm˙
,
where ve is the effective exhaust velocity (related to the thrust by the relation T =
m˙ve, which is formally valid for plasma expansion in vacuum) and ηT is the thrust
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efficiency of the device. The effective velocity is also related to the specific impulse of
the thruster, as Isp = (ve/g0), g0 being the standard acceleration of gravity.
The following scaling relations are then shown to hold for SF-MPD thrusters:
T ∝ J2 V ∝
J3
m˙
P ∝
J4
m˙
.
As we shall see, a fundamental parameter for the stability of the operation of these
thrusters is
k =
J2
m˙
.
By the definitions of effective velocity and specific impulse, it is clear that the param-
eter k is directly related to the specific impulse of the thruster, Isp = veff/g0 (g0 is the
standard acceleration of gravity). In addition, this parameter is related to the specific
power of the thruster, i.e. power per unit mass flow rate:
α =
P
m˙
∝ k2.
1.3 Real thruster effects
Although providing a clear and simple physical description of the operation of SF-
MPD thrusters, the ideal behavior summarized by Maecker’s formula and by the
scaling laws reported at the end of the previous section does not entail many of the
subtleties that actually characterize the operation of real thrusters and have a strong
effect on its propulsive performances. Here we will briefly review these so called real-
thruster effects, mainly because some of them have also been put forward by previous
researchers to explain the onset regime.
1.3.1 Back-electromotive force
The current density distribution in a plasma is governed by the generalized Ohm’s equa-
tion:
j = σ (E + v× B)− βe j× BB ,
where the E is the electric field, v the plasma velocity, B the magnetic field and βe the
electron Hall parameter, defined as the ratio between the electron gyrofrequency and
the mean electron collision frequency.
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The previous equation shows that in a reference frame moving with the plasma,
a term is added to the electric field coming from the cross product between plasma
velocity and magnetic field. This term is called back electro-motive force (back-EMF).
In SF-MPD thrusters, where the electric field is almost radial and the plasma velocity
essentially axial, the back-EMF has the effect of lowering the magnitude of the electric
field seen by the plasma. As the plasma velocity increases along the channel towards
the exit section, while the self-induced magnetic field magnitude diminishes in the
same direction, the back-EMF magnitude has a maximum somewhere in the middle
of the acceleration channel. This implies that, at the first order, current conduction
is prevented in the central part of the channel and only a fraction of the axial length
of the electrodes can be used. It can be shown that the portion of axial length of the
channel which is actually interested by current conduction scales as the inverse of the
magnetic Reynolds number of the flow Rem = µ0σvL. This obviously represents a
limitation for the operation of the thruster, since Rem  1 is a necessary condition to
achieve a fully electromagnetic acceleration regime.
The relative importance of the back-EMF on the plasma flow inside SF-MPD thrusters
rises rapidly by increasing the externally applied current, as at the same time the effec-
tive electrode surface decreases because of the increasing magnetic Reynolds number,
due to an increase of the plasma velocity. This can lead to intense concentration of the
current density pattern near the inlet and exit sections.
1.3.2 Alfvén’s critical ionization velocity
When a plasma flows through a cloud of neutral gas particles in the presence of a
magnetic field perpendicular to the relative velocity vector, this relative velocity cannot
increase above a certain value called Alfvén’s critical ionization velocity (CIV) defined as
vAC =
√
2Ei
mn
where Ei is the first ionization energy of neutral atoms and mn their mass. If the rel-
ative velocity between the plasma and the neutrals were to reach this critical value,
an abrupt increase in the ionization rate of neutral gas would occur. The CIV phe-
nomenon, first predicted by Hannes Alfvén and named after him, is widely known in
the plasma physics research community, its importance spanning from laboratory to
astrophysical plasmas (Brenning, 1992).
Since the very first days of MPD thruster investigations, a possible limitation of the
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maximum attainable velocity in MPD thrusters was hypothesized, in relation to the
CIV phenomenon (Devillers and Burton, 1970).
Choueiri et al. (1985) tackled the problem of the occurrence of the CIV in the opera-
tion of MPD thrusters and were able to show that the critical ionization velocity plays
indeed a role in MPD thruster operation since at low current levels the propellant
is not fully ionized, both because of continuous injection of neutral gas and because
of surface recombination. This leads to a limitation of the plasma velocity until full
ionization of the neutral propellant is achieved. These authors also showed that for
J < Jfi, Jfi being the current level at which all the propellant in the channel is ionized,
the terminal voltage of the thruster is given by
V =
µ0 J
2pi
ln
(
ra
rc
)
eff
√
2Ei
mn
+Vs for J < Jfi
where Vs is the voltage across the electrode sheaths, and (ra/rc)eff is an effective ratio
of the electrode radii for non-cylindrical geometries. This equation highlights the
direct proportionality between the thruster current and the thruster voltage at low
current levels, a trend experimentally confirmed. On the other hand, the cited work
pointed out that the CIV does not constitute an actual limitation of the maximum
attainable flow velocity in MPD thrusters, as further acceleration can be obtained once
full ionization is reached in the ionization chamber.
Several experimental activities carried out at Princeton University have shown that
a fundamental scaling parameter of MPD thruster operation and stability (see for
example Diamant et al. (1998)) is
ξ =
J
Jfi
where an approximate expression for Jfi can be obtained by considering that at J =
Jfi → v ' vAC and being the thrust, from then on, of purely electromagnetic nature, it
follows
T =
µ0 J2
4pi
ln
(
ra
rc
)
eff
= m˙vAC ⇒ Jfi =
√√√√ 4pim˙
µ0 ln
(
ra
rc
)
eff
4
√
2Ei
mn
.
Given that for partial propellant ionization the acceleration process is limited by the
CIV phenomenon, ξ ' 1 can be interpreted as an approximate threshold indicating
the entry into the fully electromagnetic acceleration regime.
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1.3.3 Efficiency limitations and anode power losses
A major drawback of SF-MPD thrusters is the low thrust efficiency, usually limited to
values around 20% for Argon-fed thrusters, although use of Lithium as propellant has
been shown to allow for quite higher values, overcoming 40% (Petrosov et al., 1995). A
lower ionization energy allows for both lower ionization costs in terms of input power
and for higher charged particle densities, which can be effectively accelerated by the
Lorenz force unlike neutral particles.
Ionization, molecular dissociation and atomic and molecular excitation constitute
so-called frozen flow losses which are responsible for the fact that a considerable amount
of the external power is deposited into internal energy modes of the particles and not
converted into useful kinetic energy of the plasma flow. Although part of these losses
is shared by any other kind of electric thruster, the intrinsic DC electric field ionization
mechanism, proper of MPD thrusters and based on the cascade effect generated by di-
rect acceleration of free electrons in the plasma, is known to be particularly inefficient
(Chen, 1992).
The primary power sink in SF-MPD thrusters lies however in anode power losses,
i.e. the power deposited into the electron-attracting electrode, which can amount up
to 30%÷ 60% of total external power. Several investigations have been performed to
characterize the near-anode region and to estimate the local power fluxes (Oberth and
Jahn (1972) Gallimore et al. (1990, 1993); Gallimore (1992), Diamant et al. (1994). The
major driver of this loss mechanisms is the anode sheath voltage, that is the voltage
difference between the quasi-neutral plasma in the thruster and the anode surface. As
we shall see, the voltage sheath is also thought to play a major role in the electrical
dynamics of SF-MPD thruster during the manifestation of the onset phenomenon.
1.4 Onset inception and critical parameters
Many experimental campaigns have shown that SF-MPD thrusters follow the cubic
electrical characteristic only up until a critical value of current is reached, the propel-
lant mass flow rate being held constant. Above this point, a strongly unstable regime
is entered that leads to a profound change of the dynamics of the plasma, to an ap-
parently erratic electrical response of the device and to intense degradation of thruster
components. This unstable operating regime has been known since the very first years
of research on MPD thrusters, and has been named since onset. In many cases onset
occurs quite soon, in terms of current level, after the thruster enters the fully electro-
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magnetic acceleration regime, that is after a cubic trend of the electric characteristic
is established, thus limiting the design possibilities to narrow regions of operational
parameters.
Many investigations carried out to understand this phenomenon have actually pointed
out that probably the most important single scaling parameter of onset inception is
k = J2/m˙, the threshold to onset being expressed as a critical value k∗. Experimental
data collected by many groups worldwide also show that k∗ depends on the propellant
choice, according to the following expression valid for noble gases (Andrenucci, 2007)
k∗ ' (15÷ 33) · 10
10
√
M
[
A2s
kg
]
(1.2)
where M is propellant atomic mass. For argon k∗ ' 4 · 1010 A2s/kg. A plot of this
dependence is reported in Fig.(1.2), by using data from Hugel (1980b).
Figure 1.2: Dependence of k∗ on the atomic mass of the propellant. Reproduced from
(Andrenucci, 2010b). Original data from Hugel (1980b). The names of the
respective original references are indicated in the legend.
The previous scaling does not carry any information on the geometrical parameters
of the thruster, which on the other hand have been shown to play a role in onset
inception.
The influence of the radial dimensions of the electrodes on the stability of the oper-
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ation is shown in a different scaling law reported by Belan et al. (1989) and Tikhonov
et al. (1993). They chose as the fundamental scaling parameter for onset inception
the ratio A0 between magnetic and gasdynamic pressure in the sonic section of the
thruster, whose expression can be derived from a quasi-1D model of the plasma flow
in coaxial SF-MPD thrusters developed by Tikhonov (Belan et al., 1989; Zhurin et al.,
1991; Misuri, 2005; Misuri and Andrenucci, 2007). For monoatomic propellants it fol-
lows A0 =
0.833 · 10−7 J2
m˙a0
, a0 being the sound speed in the sonic throat of the thruster.
Tikhonov tried to obtain an estimate of the A0 parameter for many thruster configu-
rations reported in the literature, as well as for investigations carried at his laboratory
at RIAME-MAI (Moscow, Russia), and then to fit all the available results to a unique
scaling law, obtaining the following criterion for SF-MPD thruster stability (Tikhonov
et al., 1993, 1997):
A0 ≤ 3.6ra
rc
− 0.5
. (1.3)
Diamant et al. (1998) took as the fundamental scaling parameter for the operation
of SF-MPD thrusters the ratio between the thruster current and the full-ionization
current, introduced in Sec.(1.3.2):
ξ =
√
J2
m˙
µ0 ln (ra/rc)
4pi (2Ei/mn)1/2
.
These authors found that many parameters associated to the operation of the argon-fed
Princeton Benchmark Thruster (terminal voltage, erosion level) undergo a transition at
a critical value ξ∗ ' 0.8. By performing an extensive test campaign on argon-fed SF-
MPD thrusters of different scales and geometries, Andrenucci et al. (1992) identified
the inception of the critical regime at ξ∗ ' 1÷ 1.4 (according to a minimum amplitude
of voltage fluctuations).
Although other criteria for stable operation have been proposed (e.g. the ones pro-
posed respectively by Baksht and Korsun, further discussed in Sec.(2.3.1)), here we
have opted to focus our attention on the ones for which a certain level of experimental
validation has been performed. It is useful to recast the proposed scaling laws for
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onset inception in the following forms:
k− criterion ⇒ J
2
m˙
∣∣∣∣
crit.
∝
1√
M
A0 − criterion ⇒ J
2
m˙
∣∣∣∣
crit.
∝
1
ra
rc − 0.5
ξ − criterion ⇒ J
2
m˙
∣∣∣∣
crit.
∝
√Ei√
M
· 1
ln
(
ra
rc
)
It is clear that despite the different origins of the various criteria associated to the onset
inception, in all cases we get an upper limit for the achievable
(
J2/m˙
)
ratio.
For what concerns the dependence of the critical parameters on the thruster geome-
try, by recalling the Taylor expansion ln(x) = (x− 1) + . . ., it can be seen that the trend
in the (ra/rc)-dependence is basically the same for both the A0 and the ξ criteria. To
the author’s knowledge, the work of Malliaris et al. (1972) is the only one reporting
experimental data taken on the same thruster configuration but with different ratios of
the electrode radii. Their results concerning the inception of the critical regime are in
very good agreement with a 1/ ln(ra/rc) trend, as shown in Fig.(1.3). Nonetheless the
Figure 1.3: Dependence of k∗ on the ratio of the electrode radii for different values of
propellant (argon) mass flow rate (from (Malliaris et al., 1972)).
ratio of the electrode radii does not seem to be a sufficient parameter to encompass all
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of the geometry effects related to onset inception. Boyle et al. (1976) and Rudolph et al.
(1978) reported an increase of k∗ with an increase of the cathode length, other oper-
ating parameters being the same. Further experimental confirmation of the beneficial
role of a long cathode has been obtained by Andrenucci et al. (1992), who measured
an increase of ∼ 15% of ξ∗ for thrusters with medium- and long-length cathode with
respect to the shortest one, in particular at the lowest mass flow rates.
The dependence of the critical parameter on the propellant ionization energy ap-
pears to be somehow incoherent, as we would expect a lower ionization cost to be
associated to a better performance of the thruster. This is indeed the case, as exper-
imentally demonstrated by the use of alkali metals as propellants (Gorshkov et al.,
2007). On the other hand we know that in MPD thrusters the almost full ionization
occurs only beyond a minimum current, the full ionization current, as we have al-
ready seen in Sec.(1.3.2) in relation to the CIV phenomenon. This evidently implies
that a propellant with a higher ionization energy will require a higher current to enter
the fully electromagnetic regime and consequently a higher current to enter the onset
regime. In this regard the parameter ξ can be really seen as a fundamental scaling pa-
rameter of MPD thruster operation, as it was clearly shown by the vast experimental
campaign carried out by Paganucci and Andrenucci (1995) on a SF-MPD thruster fed
with many different pure gases as well as gas mixtures: although no direct investi-
gation of onset inception was performed in the cited work, it is evident that despite
slight differences the behavior of the thruster at ξ > 1 is basically the same for all the
employed pure gases (helium, hydrogen, nitrogen and argon). Another confirmation
of the validity of ξ as a scaling parameter of MPD thruster operation lies in the fact
that the trend k∗ ∼ 1/
√
M/Ei is actually found in the experimental investigations,
as illustrated by Fig.(1.4) in which the data collected by Hugel, presented in Fig.(1.2),
have been plotted against the quantity M/Ei. From the previous plot a more general
scaling law for onset inception can be obtained, which relates the operating parame-
ters J and m˙ to a full characterization of the propellant by means of both its atomic
mass and ionization potential:
k∗ ' (3÷ 12) · 1010 ·
√
Eion
M
[
A2s
kg
]
where Eion is expressed in eV and M in atomic mass units. It is nonetheless important
to remark that in their paper on the occurrence of the CIV phenomenon in MPD
thrusters, Choueiri et al. (1985) pointed out that it does not constitute a limitation for
the attainable flow velocity in these devices (experimentally confirmed among others
- 16 -
1.4 Onset inception and critical parameters
Figure 1.4: Dependence of k∗ on the ratio between the atomic mass and the first ion-
ization potential of the propellant. Original data from Hugel (1980b). The
names of the respective original references are indicated in the legend.
by Jahn et al. (1970)), so it cannot be attributed a direct physical role in the inception
of the onset regime.
We can now summarize the results of Sec.(1.4) as follows:
• ξ is a fundamental scaling parameter of MPD thruster operation, both in stable
and unstable conditions, but the CIV phenomenon behind it has no physical
relation with the inception of the onset regime.
• An increase of the ratio of the electrode radii delays the inception of the onset
regime to higher values of k∗. As we shall see in the next chapter, this gives indi-
cation of a possible role played by the particle density, which should reasonably
increase by decreasing the width of the acceleration channel, other parameters
being equal. A possible secondary effect is that the closer the electrodes the
higher the electric field in the acceleration channel, assuming that the topology
of the current lines and the plasma parameters are not strongly affected by the
channel width. This could have a beneficial effect as for what concerns the limi-
tation coming by a strong back-electromotive-force in the thruster, as we will see
in Sec.(2.3.3).
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• The length of the cathode directly affects the inception of the onset regime. Here
two effects come into play.
First, and probably most important, a longer cathode promotes a more radial
current pattern, i.e. strongly discourage the emergence of strong axial current
component. Experimental indication of this behavior can be found in the re-
search carried out at the University of Stuttgart on a cylindrical MPD thruster
with a moveable rod-shaped cathode (Kurtz et al., 1987, 1988; Wegmann et al.,
1993). Numerical confirmation can be found in the work of Sankaran (2005), by
comparing the results obtained for thrusters with a long cathode, such as the Vil-
lani H-thruster (Sankaran (2005), p. 91) and the Full-Scale Benchmark Thruster
(Sankaran (2005), p. 102), with those obtained for a thruster with a short hollow
cathode, such as the LiLFA thruster (Sankaran (2005), p. 121). A higher axial cur-
rent component increases the pinching effect of the plasma volume due to the
associated radial component of the Lorentz force, thus promoting the inception
of a phenomenon called anode crisis which is commonly thought to be one of the
most important drivers of the onset phenomenon, as we shall see in Sec.(2.3.1).
Second, although probably of secondary importance, a longer cathode offers a
greater area for current attachment, thus contributing to lowering the magnitude
of the current density in the channel. As we shall see in Sec.(3.3.2), the current
density magnitude is directly related to the axi-symmetry breaking of the plasma
flow and the inception of a filamentation instability, which will be the main topic
of Ch.(3).
1.5 Objectives of Part I
The first part of this Dissertation aims at providing some theoretical insights into the
physics of the onset phenomenon, and specifically to improve our understanding of
the various mechanisms involved in the inception and development of this unstable
operating regime.
The specific questions which will be addressed are:
• what is the onset regime?
• what is the physical driver behind the breaking of the azimuthal symmetry of the flow?
• what is the reason for the unstable dynamics of the plasma structures which emerge from
the azimuthal symmetry breaking?
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• what is the physical mechanism which connects the dynamics of the plasma to the elec-
trical response of the thruster?
• what kind of design choices are required to possibly improve the stability properties of
SF-MPD thrusters?
The first question, which is evidently fundamental for this work, will be tackled in
Ch.(2). A thorough review of the technical literature on this topic will be performed.
This is a necessary step in order to clarify what are the implications of all the different
observations made in the several decades of experimentation on MPD thrusters. As
we shall see, it is mandatory to perform such a description especially because quite
different mechanisms observed in the past have been simplistically named onset, thus
contributing to increase the difficulty to achieve a unique theoretical explanation of the
phenomenon. Following this description of the experimental observations, a review
of the main attempts to give a physical explanation of the onset regime will also be
performed.
In Ch.(3) we will provide some answers to the subsequent series of questions, many
of which emerge from experimental observations, as it will be described in Ch.(2).
The final point will be addressed at the end of Ch.(3) as well as in Ch.(4), where
a modified design of plasma accelerator will be described, which looks promising in
order to improve the stability of these devices.
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2
Magnetoplasmadynamic
thruster onset
2.1 Introduction
This chapter is meant to provide a framework in which to collect and describe the
many different aspects concurring to the inception and manifestation of the critical
regime named onset. A thorough review of the vast amount of published results since
the early 60’s has been undertaken, trying to extrapolate the most significant informa-
tion and to organize it in a coherent and meaningful way.
The first part of the chapter is dedicated to describing the phenomenology of the
onset regime, as indicated by the great wealth of experimental investigations carried
out in the last decades on the topic. A review follows of the main theories and models
which have been put forward in the attempt to give an explanation of the physical
bases of the phenomenon. As we shall see, while some theories have proved suc-
cessful in indicating possible causes of onset inception in specific configurations, no
general theory is yet available which offers a complete explanation of all the observed
phenomena. An attempt will also be made to clarify the point that one of the reasons
for the lack of such a unifying theory comes from the fact that many different physi-
cal behaviors and phenomena have been addressed in a simplistic manner under the
generic name onset, and that this is a consequence of the quite different configurations
of MPD thrusters which have been tested worldwide.
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2.2 Onset phenomenology
MPD thruster onset is quite a complex phenomenon, or better an ensemble of coupled
phenomena. Nonetheless, despite the evident complexity of the dynamic response
of MPD thrusters at and above the inception of the critical regime, the last decades
of research on this topic have provided us with many detailed indications about the
different physical mechanisms triggered by this unstable operating condition. Here we
will discuss the experimental evidences against which the theoretical models aiming
at explaining the onset regime must be tested.
2.2.1 Symmetry breaking: plasma spokes vs plasma filaments - the role of
thruster configuration
The first symptom of the inception of an unstable operating regime is the breaking of
the azimuthal symmetry of the plasma flow. Since MPD thrusters are axisymmetric
devices, it seems reasonable to assume that all plasma quantities, as well as electro-
magnetic fields, exhibit the same axial symmetry, but this is not the case.
The tendency of MPD thruster plasmas to undergo a symmetry breaking seems
indeed to be an ubiquitous phenomenon associated to the operation of these devices,
which was identified as a potential performance-limiting factor since the very first
days of MPD thruster research. In the seminal paper written by Adriano Ducati,
Gabriel Giannini and Eric Muehlberger (Ducati et al., 1964), the authors claim that
"[. . .] The arc has a tendency to stick in a single spot of the anode producing extremely high
current densities which result in damage to the parts [. . .]". Almost half a century later,
Uribarri at Princeton University states "[. . .] The picture that emerges from these insights
is the following. The current conduction to the MPDT anode is, to some extent, spotty at all
current levels, though it appears for the most part to be diffuse at the lowest J2/m˙ levels [. . .]"
((Uribarri, 2008), p. 100).
Although the cited claims seem to point at the same phenomenon, it is important
here to distinguish between the different geometrical configurations of MPD thrusters,
as we shall see that this plays a very important role on the dynamics of the plasma
once the unstable regime is triggered. We can distinguish three main categories of
thrusters:
• nozzle-type thrusters: these thrusters present some sort of restriction of the cross
section along their axis which resembles the sonic throat of gasdynamic nozzles,
and which can be obtained on the anode piece or not. The cathode does not ex-
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tend beyond the restriction. These thrusters can be thought of as an evolution of
arcjet thrusters and are meant to optimize the gasdynamic component of thrust.
In recent years this geometry has been repeatedly investigated at the Institut für
Raumfahrtsysteme (IRS) of the University of Stuttgart, with the DTx family of
thrusters.
• short-cathode thrusters: the peculiar feature of these configurations is the fact
that the cathode tip is positioned backwards with respect to the exit plane of the
anode. All thrusters equipped with a hollow cathode have this shape.
• long-cathode thrusters: contrary to previous ones, these thrusters have an ex-
tended cathode protruding up to or even beyond the exit plane of the anode. The
most representative thruster of this kind is the Full Scale Benchmark Thruster
(FSBT) built at Princeton University.
A few examples of each MPD thruster configuration are shown in Fig.(2.1).
Nozzle-type and short-cathode thrusters
For what concerns the first two classes of MPD thrusters, to which the great major-
ity of the devices built in the 60’s and 70’s belong, it became soon evident that the
plasma discharge has a natural tendency to collapse into a relatively narrow region
with limited azimuthal extent. This concentrated region took the name of spoke, and
the operating regime in which it occurred was named the spoke mode (Larson, 1967;
Ekdahl et al., 1967; Connolly et al., 1967; Malliaris, 1968; Allario et al., 1969; Kribel
et al., 1969; Cochran and Fay, 1970). This names were widely and repeatedly used
in the early days of MPD thruster research, but they almost disappeared in the later
literature.
Very similar phenomena kept occurring in devices of the same kind tested by later
researchers, although no mention of the spoke mode can be found in the literature
from the late 70’s on. In the class of the spoke mode operation we can indeed identify
also the unstable tilted plasma channel observed by Schrade et al. (1985, 1991), and
also the kink-type plasma configurations of AF-MPD thrusters, widely investigated in
recent years by the RFX-Alta collaboration in Italy (Zuin et al., 2004a,c,b,d; Paganucci
et al., 2005; Serianni et al., 2004; Spizzo et al., 2004), as shown in Fig.(2.2).
Ducati et al. (1964) were the first to propose the employment of an external axial
magnetic field to make the spoke rotate around the anode in order to evenly distribute
the power deposition on the electrode and to avoid local damage. The presence of the
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Figure 2.1: Examples of MPD thruster configurations, showing the position of the
anode (light-red) and of the cathode (light-blue). Nozzle-type: (1) Lar-
son (1967), (2) Connolly et al. (1967), (3) Wagner et al. (1998a). Short-
cathode: (1) Ducati et al. (1964), (2) Allario et al. (1969), (3) Paganucci et al.
(2008). Long-cathode: (1) Uribarri (2008) (Full-Scale Princeton Benchmark
Thruster), (2) Kurtz et al. (1987), (3) Andrenucci et al. (1992).
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Figure 2.2: Examples of observed spoke-mode-type of symmetry breaking in nozzle-
and short-cathode MPD thrusters: (a) schemes and photographs of the
plasma spoke in a short-cathode thruster (Murphree and Carter, 1969); (b)
helical plasma channel in a nozzle-type thruster (Schrade et al., 1991); (c)
tomographic imaging of a kink-like plasma structure in short-, hollow-
cathode thruster (Paganucci et al., 2005)
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external field apparently did not change the stability properties of these devices, but
obviously induced the rotation of the plasma spoke, and it was this same rotation to
be used as a diagnostic tool to check for the presence of the spoke, as any measured
quantity would exhibit clear oscillations at a well defined frequency if the thruster was
operating in the spoke mode.
The most important points about the dynamics of the plasma in nozzle-type and
short-cathode-type MPD thrusters are the following:
• before the symmetry breaking, the plasma discharge naturally tends to assume
a trumpet-like shape, detaching from the relatively narrow cathode tip and then
expanding to attach on the wider anode surface, as shown in Fig.(1.1-b)
• after the symmetry breaking, the whole discharge tends to take the shape of
a single macroscopic plasma channel which detaches from the cathode tip and
attaches on a restricted portion of the anode surface. The presence of an applied
magnetic field does not improve the stability properties of the device, but induces
the rotation of this newly formed plasma structure. Without the external field
this plasma structure may or may not rotate (Ducati et al., 1964; Malliaris, 1968;
Zuin et al., 2004a), mainly depending on the degree of geometrical symmetry of
the electrodes. Different denominations have been used in the literature to refer
to the observed macroscopic plasma structures, such as plasma spoke, unstable
plasma channel or kinks.
Long-cathode thrusters
Completely different is the situation for long-cathode MPD thrusters. Most of the
onset-related work on this type of MPD thrusters has been carried at Princeton Uni-
versity. Hoskins (1990) and Uribarri (2008) have independently shown that the plasma
discharge in the Full-Scale Princeton Benchmark Thruster becomes increasingly sym-
metric the higher the J2/m˙ value, in the sense that the bulk plasma does not seem to
coalesce into one single macro-channel. Hoskins explicitly highlights the absence of
any rotating or oscillating spoke in this thruster (Hoskins (1990), p. 106).
On the other hand, as previously cited, Uribarri noticed that the current attachment
in this thruster tends to be spotty at almost all current levels, but for the lowest ones.
As further explained by the author ((Uribarri, 2008), p. 151), the symmetry breaking in
this device takes the form of short-lived, unstable flares which are continuously gen-
erated and destroyed inside the bulk (symmetric) plasma. This is confirmed by high-
speed photographic and video investigations performed by the cited author, which
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clearly show the presence of bright plasma columns detaching from the cathode sur-
face or the bulk of the plasma and attaching to the anode surface, where they create
the so called anode spots, i.e. point-like regions of attachment of the plasma current.
Their enhanced luminosity suggests they are tiny (and yet visible to the unaided eye)
high-conductivity plasma filaments, carrying a relevant portion of the overall current.
Fig.(2.3) shows two pictures of the Princeton University Benchmark Thruster operated
in the critical regime: at least two main plasma filaments emerge from the bulk plasma
and attach to the anode.
Figure 2.3: Pictures of the Princeton Benchmark Thruster operated in the critical
regime showing plasma streaks emerging from the plasma core and at-
taching to the graphite anode (from Uribarri (2008)).
The presence of these localized plasma structures is the footprint of a transition
from a diffuse to a spotty current attachment mode. The concurrent anode spots are the
primary cause of ablation and damage of thruster components, particularly the anode,
because of the highly localized and extremely intense power fluxes directed towards
these solid surfaces.
In this work we will focus mainly on SF-MPD thrusters of the long-cathode type. As
we shall see later in this chapter, some mechanisms have already been proposed which
seem capable to explain many of the phenomena observed during the unstable operat-
ing mode of nozzle- and short-cathode type of MPD thrusters. On the other hand, the
recent work of Uribarri at Princeton University (Uribarri, 2008), while offering many
insights about the phenomena involved in the onset regime of long-cathode SF-MPD
thrusters, still requires a comprehensive framework in which to obtain a physically
coherent explanation of the many different phenomena which have been observed in
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the experiments.
As it is quite evident that the breaking of the azimuthal symmetry of the current
pattern is one of the basic mechanisms lying behind the onset regime, one would
expect that many research efforts have been put forward in trying to explain such
tendency. Again this is not the case. The attempt to provide a physical explanation for
the axisymmetry breaking in SF-MPD thruster devices of the long-cathode type will
be the first contribution of next chapter.
2.2.2 Ablation of thruster components
When the thruster starts to operate at conditions above the threshold for stability,
all thruster components, and particularly the anode, suffer from intense ablation and
degradation which strongly reduce the lifetime of the device. Whatever specific non-
symmetric configuration the plasma discharge may assume, either in the form of a sin-
gle macro-channel attached to the anode or in the form of unstable plasma filaments,
it is evident that the very disruption of the azimuthal symmetry of the flow induces
possibly critical power loads on the surfaces exposed to the discharge. It has indeed to
be recalled that even in nominally axisymmetric configurations the heat loads for this
kind of high-power devices are extremely difficult to deal with even in quasi-steady
operating mode, so that any further concentration of these loads can result in the local
thermo-mechanical collapse of the solid pieces.
Direct measurements of melting and vaporization of the thruster components are
usually performed by means of spectroscopic measurements, in which the measured
quantity is the radiance of atomic species (i.e. radiative power per unit cross surface
per unit solid angle) contained in the plasma plume, allowing for successive calcula-
tion of the relative densities of the different species. Examples of these measurements
are reported in Fig.(2.4) from (Rudolph et al., 1978) and (Uribarri, 2008). In Fig.(2.5)
some pictures are reported of the typical damage patterns of anodes mounted on SF-
MPD thrusters.
The diverse patterns of anode surface damage, i.e. melting, pitting and discol-
oration, are the footprints of the previously cited transition of the current transfer
mode which takes place at onset inception, from a diffuse attachment to a spotty
one. Uribarri (2008) has shown that the severity of anode damage depends essentially
on anode material, particularly its thermal conductivity and diffusivity, although a
general increase in damage severity is observed with increasing J2/m˙. Indeed anodes
made of lead show severe damage also at J2/m˙ values much lower than those at which
intense voltage fluctuations begin to be observed, while anodes made of graphite, a
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(a) (b)
Figure 2.4: (a) Spectroscopic measurements of an Argon-fed MPD thruster plasma
species luminosity. The increasing radiance of FeII line indicates ablation
of the steel cathode (from Rudolph et al. (1978)). (b) Relative densities
of plasma species in an Argon-fed MPD thruster, calculated from spectro-
scopic measurements. CuII density (a copper anode was used) relative to
ArII increases both with increasing current and decreasing mass flow rate,
showing intense anode ablation at operation above onset inception (from
Uribarri and Choueiri (2008b)).
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Figure 2.5: Photographs of anode surface damage: (a-b) aluminum anode mounted
on the Princeton Benchmark Thruster operated at k = 8.5 · 1010 A2s/kg,
being k∗ ' 6.0 · 1010 A2s/kg (from Uribarri (2008)); (c-d) copper anode
operated on a SF-MPD thruster at Alta-Centrospazio (geometry similar to
the Princeton Benchmark Thruster. Courtesy of Alta S.p.A.).
refractory material, show no evident marks of damage even after several firings at
J2/m˙ values much greater then critical ones. It is then reasonable to assert that the
erosion of the thruster components is not the fundamental driver of MPD thruster on-
set nor of voltage fluctuations (to be discussed in the next section), these phenomena
being observed also in cases where no evident damage is detected, i.e. when anodes of
refractory materials are used. On the other hand, if the thermal properties of the an-
ode material are such that intense erosion is achieved during operation, the injection
of vaporized mass clouds creates an interaction mechanism which has direct conse-
quences also on the plasma dynamics and the voltage hash. This point will be further
described in the Sec.(2.3.1).
2.2.3 Voltage fluctuations: oscillations vs hash
Unstable operation of MPD thrusters is always accompanied by the presence of rela-
tively strong fluctuations of the terminal voltage. A minimum amplitude of voltage
fluctuations, i.e. 10% of the average values, has indeed been commonly referred to in
order to identify the inception of unstable regimes. As we shall see, similar fluctuations
have also been observed in other plasma quantities and with many different diagnos-
tics, such as electrostatic probes, magnetic field probes, spectroscopic measurements,
ion saturation current and number density measurements.
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It is reasonable to believe that the appearance of plasma spokes or plasma filaments
and the emergence of voltage fluctuations are related one to the other. To the au-
thor’s knowledge, the first attempt to correlate the presence of anode spots to voltage
fluctuations was made by Hugel (1973). By direct comparison between voltage traces
and photographic inspection of the thruster operating in the critical regime, he argued
that the anode spots tend to appear mainly in correspondence of peaks of the terminal
voltage. A much deeper investigation of the correlation between these two phenomena
has been recently undertaken by Uribarri (2008), whose work will be further described
later.
By exploring the data in the literature, here again we face another point which is
not clear, that is the frequency content of the voltage fluctuations. The riddle here is
between two major classes of experimental results. In the first case, investigators claim
they could detect specific frequencies in the voltage traces recorded while operating
the thruster beyond the threshold for onset inception, i.e. they observed voltage oscilla-
tions. In the second case researchers claim the voltage traces are completely erratic or
stochastic, and they address this behavior by the term voltage hash.
The presence of characteristic frequencies in the fluctuating voltage traces has been
claimed in the works of several groups involved in MPD thruster research.
In the many works related to the presence of the previously described spoke-mode,
well identified sinusoidal oscillations were reported for many different kinds of mea-
surements, such as collected current measurements on segmented anodes, Rogowski
coils measurements inside the thruster chamber or in the plume, Langmuir probe
measurements of floating potential (Connolly et al., 1967; Larson, 1967; Ekdahl et al.,
1967; Malliaris, 1968; Maisenhalder et al., 1968; Allario et al., 1969; Kribel et al., 1969;
Fay and Cochran, 1969; Cochran and Fay, 1970). It was clear that in all these cases
such fluctuations derived from the rotation of the plasma spoke which formed after
symmetry breaking. The observed range of frequencies was 30-600 KHz, and it was
found to scale with the JB product of imposed current and magnetic field, which gives
further confirmation that the oscillations are related to the rotation of the spoke, as the
azimuthal Lorenz force which pushes the plasma structure into rotation is indeed pro-
portional to these two parameters (Malliaris, 1968; Maisenhalder et al., 1968; Kribel
et al., 1969; Fay and Cochran, 1969; Cochran and Fay, 1970). Nonetheless, in many
cases an increase of the imposed current lead to a drastic reduction or disappearance
of the observed oscillations (Malliaris, 1968; Cochran and Fay, 1970; Murphree and
Carter, 1975).
Many later researchers also observed frequency content in the time traces of various
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measurements. Hugel (1973) estimated the main frequency of voltage fluctuations at
approximately 230 kHz. Boyle et al. (1976) reported a characteristic frequency of volt-
age oscillations of several hundreds kHz. Vainberg et al. (1978) detected oscillations in
the power supply and in the probe measurements at a fundamental frequency roughly
equal to the ratio of the ion-acoustic velocity to the anode radius, which in their ar-
rangement was on the order of 185 kHz. Kuriki and Iida (1984) performed spectral
analyzes of voltage and luminosity signals coming from an MPD thruster with straight
electrodes fed with hydrogen and argon, obtaining narrow-band peaks in both signals
in the hundreds of kHz and broad-band peaks in the MHz range. Diamant et al. (1998)
reported broad noise in the 100-500 kHz range and smaller peaks in the MHz range
for fluctuations in the ion saturation current measurements, shown in Fig.(2.6). They
Figure 2.6: Time history of ion saturation current measurements at operation above
onset made with probes placed in the near-anode plasma (from Diamant
et al. (1998)).
correlated the fluctuations in the MHz range to the motion of anode spots in front of
the Langmuir probes used for measurements and not to any kind of neutral plasma
oscillation, since such oscillation would be dependent on ion mass while both their re-
sults taken with helium and argon and the results of Kuriki and Iida (1984) taken with
hydrogen and argon showed no dependence of MHz frequency peaks on propellant
choice. Wagner et al. (1998a) detected several peaks in the spectrum of voltage mea-
surements both in the hundreds kHz and in the MHz ranges, as shown in Fig.(2.7-a).
Zuin et al. (2003, 2004a,c) found that the plasma structure associated to the observed
kink mode rotates around the central axis at a frequency of approximately 100 kHz,
and a broad peak around this frequency is evident in the frequency spectra of both
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magnetic field and voltage measurements, as shown in Fig.(2.7-b).
(a) (b)
Figure 2.7: Frequency content in the power spectra of voltage fluctuations: (a) DT2
nozzle-type MPD thruster at Stuttgart University (Wagner et al., 1998a); (b)
hollow-cathode HPT (Hybrid Plasma Thruster) at Alta-Centrospazio (Zuin
et al., 2003).
The results of the investigations carried by the RFX-Alta in Italy seem particularly
similar to those obtained by earlier groups involved in the investigation of the spoke
mode. Fig.(2.8) shows the similarity between experimentally observed scaling of the
oscillation frequencies as a function of the imposed current and magnetic field.
Recently Uribarri (2008) profoundly questioned the picture described above. First
he proved theoretically and experimentally that measurements of the terminal voltage
of MPD thrusters can be affected by resonances of the electrical feeding lines; voltage
measurements should be taken as close as possible to the body of the thruster in or-
der to avoid corruption of the real signal (Uribarri and Choueiri, 2008a). In Fig.(2.9)
it is shown the difference between the time traces and the power spectra of voltage
measurements taken close to the thruster body and at a certain distance from it (mea-
surements performed on the Princeton Benchmark Thruster). The main difference
between the two traces is that the measurement taken far from the thruster presents a
high-amplitude oscillation above a mean value while the one taken close to the device
shows several peaks rising from an almost constant base value. The power spectrum
of the last measurement shows also a much weaker peak around the cabling resonance
frequency of 1.3 MHz.
The observation of the power spectra of voltage measurements taken close to the
thruster presents us with the absence of any preferred fluctuation frequency. Instead
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(a) (b)
Figure 2.8: Scaling of observed frequency oscillations with imposed current and mag-
netic field: (a) data from Fay and Cochran (1969); (b) data from Zuin et al.
(2003).
Figure 2.9: Comparison between time traces and power spectra of the terminal voltage
measurements made close (black line) and at a distance from (gray line) the
body of the thruster operating above the threshold for onset inception (the
resonance frequency of the cables was 1.3 MHz, from Uribarri and Choueiri
(2008a), details therein).
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it can be noticed the presence of a 1/ f β trend, with 1 < β < 2, revealing that the
voltage signal has the nature of a Brownian motion, i.e. it is the time integration of
a random signal (actually β = 2 for a Brownian motion while the case 1 < β < 2 is
usually referred to as a fractional Brownian motion). In Fig.(2.10) an example of such
spectra is reported, the weak peak above 1 MHz being what still remains of the effect
of transmission line resonances at 1.3 MHz even in measurements taken at the closest
possible position to the thruster. Uribarri also found a dependence of the voltage hash
statistics on the k = J2/m˙ value, as shown in Fig.(2.11). The statistical moments first
move away from the values typical of a Gaussian distribution, revealing an almost
constant number of spots carrying more current as k is increased, and then go back
to those typical of a Gaussian profile, indicating that an increasing number of spots
attach to the anode surface. What is important to notice is that the voltage hash
Figure 2.10: Power spectrum of voltage signal taken on the Princeton Benchmark
Thruster revealing a 1/ f β trend (operation at J2/m˙ = 69 kA2s/g being
k∗ ' 60 kA2s/g, from Uribarri (2008)).
statistics are very similar for anodes made of deeply different materials (lead, copper
and graphite were used), thus showing that the voltage fluctuations are driven by a
fundamental plasma mechanism and not by anode erosion. According to Uribarri
(2008) then, the fundamental characteristic of voltage hash is just the 1/ f β fall in
the power spectrum and this will be used in the theoretical interpretation of voltage
fluctuations, as we shall see later. He attributes the previously cited detections of
specific oscillation frequencies in the voltage hash to "either a misinterpretation of the
fluctuations, or . . . [to] . . . a source of corruption such as the power supply" (Uribarri
(2008), p. 55). The power content in the hundreds of kHz range which has been
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Figure 2.11: Voltage hash statistics as a function of k = J2/m˙: mean value (upper
left), standard deviation (upper right), skewness (lower left) and kurtosis
(lower right) (from Uribarri (2008)).
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detected by various authors is due, according to Uribarri, to anode surface erosion
dynamics, and is not an expression of a physical mechanism driving the voltage hash.
Indeed also Uribarri and Choueiri (2007) detected such a periodic content in a previous
work. They took a comparison between fluctuations in the terminal voltage, in the
plasma density measured via a Langmuir probe and in copper luminosity (the anode
was made of copper) by means of a photomultiplier tube (PMT). In the cited work
they report that even if both at low and high J2/m˙ values the 1/ f β fall is evident in
voltage power spectra, at intermediate currents they deviate from a power law trend
and show a narrow-band dip at a frequency of approximately 600 kHz. The authors
attributed this frequency to the particular type of anode damage, i.e. shallow melting
instead of localized crater-like surface sputtering typical of intense action by anode
spots at higher currents. Such frequency content was not observed in the later work of
Uribarri (2008) employing lead anodes, which showed distributed damage and erosion
even at low J2/m˙ values, nor on graphite anodes, which showed no evident damage
even after several firings at conditions well above onset inception, thus deducing that
the spectral content at frequencies above 100’s kHz should be related to the particular
thermal response of the anode to the random dynamics of anode spots.
The work of Uribarri has shed some light on the nature of the voltage hash and
the previously described trend in the power spectra should effectively be indicative of
the main physical mechanism leading to the observed fluctuations, which should be
essentially random. The presence of characteristic frequencies in the terminal voltage
traces as well as in other plasma quantities measurements should be linked to one of
the following reasons:
• Anode erosion dynamics due to the particular thermal properties of anode ma-
terials employed. This was evidenced by Uribarri and Choueiri (2007) and also
in the measurements reported by Diamant et al. (1998), taken on a thruster of the
same family, using both copper and aluminum anodes, materials which exhibit
similar thermal properties; the fact that power content in the range of 100’s kHz
has been reported in two distinct works with materials having similar thermal
properties gives strength to these hypotheses.
• Development of large-scale plasma structures, such as the plasma spoke or the
kink configurations, which rotate around the thruster axis. The oscillations of
measurements taken with local probes is readily explained, the oscillations of
the terminal voltage should be a consequence of geometrical asymmetries in the
current feeding system (which lead to oscillating resistive traces) and to oscilla-
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tions of the self-inductance of the thruster.
• High-frequency resonances of the current feeding lines.
2.3 Theoretical investigations
In the previous section we have examined all the experimental evidences concerning
the onset regime in MPD thrusters. In this section we discuss the various attempts put
forward to provide a theoretical explanation of such phenomena.
2.3.1 The role of particle density and the anode crisis
It is an accepted evidence that an increase of the plasma density in the thruster chan-
nel, and particularly near the anode, leads to a delay of onset inception, i.e. to an
increase of the k∗ parameter. As anticipated, the M−1/2 dependence of k∗ is indeed an
indication of the beneficial effect of an increased particle number density, as it would
be the case by employing a lighter propellant, keeping constant the mass flow rate and
the ionization fraction. Also the inverse dependence of k∗ on the ratio of the electrode
radii, i.e. on the thruster volume, gives the same indication, since a smaller volume
should correspond to a greater number density, the current level (acceleration force)
and mass flow rate being kept the same.
A high number density is particularly beneficial near the anode, as it is evident from
several experiments (see for example (Boyle et al., 1976)) in which propellant injection
at higher radii, i.e. closer to the anode surface, showed to be effective in raising the
value of k∗ (see Fig.(2.21)). The physical reason for this behavior lies in the presence
of a radial "pinching" component of the Lorenz force, which in turn is due to the Hall
effect which creates a non-zero axial component of the current lines in the plasma.
The Hall effect is indeed responsible for the anisotropy of the electrical conductivity
tensor in magnetized plasmas. The pinching force component tends to compress the
plasma volume on the central axis of the device, thus sensibly lowering the plasma
number density in the vicinity of the anode surface (it is straightforward to realize that
an inversion of the polarity of the electrodes would not solve the problem). Higher
J2/m˙ values lead to an increase of both the current density and the Hall parameter in
the acceleration channel (because of the increased self-induced magnetic field), thus
leading to a rapid increase of the pinching effect.
An indirect confirmation of the role played by the particle number density in the
inception of the onset regime is offered by the behavior of the thruster when, at suf-
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ficiently high values of k, intense ablation of solid components, insulators and elec-
trodes, is achieved. Since then on, the thruster components behave as additional
mass sources by melting and vaporization, thus locally increasing the plasma den-
sity. Rudolph et al. (1978) reported a reduction of the magnitude of terminal voltage
fluctuations at current levels substantially higher than the critical current, i.e. when
the discharge becomes fully "ablation-dominated". This is shown in Fig.(2.12). An
Figure 2.12: Magnitude of voltage oscillations as a function of imposed current at con-
stant mass flow rate. The vertical asymptote corresponds to the critical
current (two cathodes of different length were used, from Rudolph et al.
(1978)).
analogous result was found by Diamant et al. (1998); we have already seen that they
found a threshold of stable operation at ξ ' 0.8, but above ξ ' 1.3 an increase in
the near anode plasma pressure was measured, as well as a reduction in the noise of
other measured quantities, among which the ion saturation current (see Fig.(2.13)). As
already anticipated in Sec.(2.2.3), these investigations give confirmation that if intense
injection of mass is present in the acceleration channel during onset, it can actually re-
duce the intensity of the fluctuations of plasma properties and then somehow stabilize
thruster operation.
The plasma density in the vicinity of the anode is thought to play such an important
role in onset inception that probably the most widely accepted driving mechanism
is the so called anode crisis. By anode crisis, or anode starvation, it is meant the lack
of charge carrier density near the anode surface up to the point that the anode is no
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Figure 2.13: Near anode plasma pressure increase at operation beyond the critical
threshold for onset inception (ablation conditions, ξ & 1.3) and associated
noise reduction in ion saturation current measurements (from Diamant
et al. (1998)).
more capable of collecting the total current imposed by the external source. The total
current collected at the anode is given by the integration of the directed electron flux
over its surface. It is commonly believed that the collected current saturates at a value
approximately equal to the random thermal flux of electrons towards anode surface.
This theory assumes that at operation below k∗ the anode sheath is electron-repelling
and that the local directed current density is
j =
envT
4
e
− eφa
kBTe
being vT the thermal velocity of electrons
vT =
√
8kBTe
pime
,
n the particle density in the neutral region outside the anode sheath and φa the po-
tential barrier across the anode sheath. This model assumes that at onset inception
the anode sheath becomes electron-attracting and that this configuration results in un-
stable operation, thus indicating that the maximum local current density during stable
operation can be
j =
envT
4
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which is sometimes called electron saturation current: the external imposition of a cur-
rent level higher than the one resulting from the integration of the electron saturation
current over the entire anode surface would lead to onset.
The anode starvation mechanism has been proposed by several authors as the main
cause of onset, among which Hugel (1973, 1980a), Jahn et al. (1970); Barnett and Jahn
(1985), Baksht et al. (1974), Vainberg et al. (1978), and Diamant et al. (1998). Several
direct experimental confirmations have also been obtained. The limitation of the near-
anode current density to the electron saturation current was detected by Diamant
et al. (1998) who measured j/jth ' 1 in the near anode plasma at conditions below
transition while values between 3 and 10 were measured above ξ ' 0.8 as shown in
Fig.(2.14) (the ratio tends again towards unity when intense ablation of anode surface
is achieved).
Figure 2.14: Ratio between measured current density and thermal current density in
the near-anode plasma (from Diamant et al. (1998)).
Vainberg et al. (1978) measured a change of sign of the potential drop in the anode
sheath above a critical current, as shown in Fig.(2.15).
Baksht et al. (1974) formulated an analytical model of SF-MPD thrusters in which
the current density at the anode surface was set to be equal to the thermal current
density. In their model the inception of onset occurs when an electron-accelerating
anode sheath forms over the whole anode surface. Korsun (1974) hypothesized that
onset could be completely related to the pinching effect of the plasma column ejected
from the short cathode of the configuration he analyzed, the inception corresponding
to the complete detachment of the column from the anode surface. Both Baksht and
Korsun obtained analytical expressions for the critical current which are very similar
to the expression described in Sec(1.4).
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Figure 2.15: Measurements of potential fall in the anode sheath at m˙ = 0.006 g/s
(triangles) and at m˙ = 0.010 g/s (circles). It is evident the change in sign
above a critical current level (from Vainberg et al. (1978)).
Simulations made by Sankaran (2005) confirm a similar trend in the lithium-fed
thruster (LiLFA) tested at the Princeton University. Fig.(2.16) shows the progressive
detachment of the line enclosing 95% of total mass from anode surface; also the line
where gasdynamic pressure and magnetic pressure are equal (denoted there by β = 1),
which indicates the boundary of the plasma column, exhibits such trend.
2.3.2 Plasma instabilities
The second branch of theoretical models trying to explain the onset phenomenon is
related to plasma instabilities. The common and fundamental idea behind these mod-
els is that at the threshold of the onset regime conditions are fulfilled in the thruster
channel for the development of a variety of unstable oscillation modes.
One such type of instabilities are the so called drift instabilities. An example is given
by the work of Shubin (1976), who argued that the decrease of the plasma density
near the anode and the increase of the voltage drop in the anode sheath leads to
an increase of the difference of drift velocities between electrons and ions, which is
known to be the trigger of many unstable modes like the Bunemann instability and
the ion magnetosonic instability. He built an analytical model of the plasma flow in the
channel from which he derived an onset criterion which, quite surprisingly, is equal
to the one obtained by Baksht et al. (1974) within a numerical factor of approximately
two.
Tilley et al. (1996) showed that MPD thrusters are prone to the development of a
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Figure 2.16: Simulated location of the line enclosing 95% of total mass and of the line
where gasdynamic and magnetic pressure are equal (β = 1) in lithium-fed
thruster (LiLFA) for operation at (a) ξ = 0.67, (b) ξ = 1, (c) ξ = 1.34, (from
Sankaran (2005)).
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variety of microinstabilities, among which the Bunemann instability, the generalized
lower hybrid drift instability, the electron cyclotron drift instability, the ion-acoustic
instability and the drift cyclotron instability. However it has to be pointed out that
their results are actually of no direct application to the onset studies because they took
their measurements in sub-critical conditions. Actually all the work made at Princeton
University on microinstabilities (mainly led by Choueiri, see Choueiri et al. (1990, 1991,
1992); Choueiri (1999, 2001)) seems more relevant to explain various anomalous phe-
nomena (like the anomalous transport and anomalous energy absorption) which affect
MPD thrusters performance than to give direct insight into the onset phenomenon.
Intense theoretical work on plasma instabilities related to MPD thruster onset has
been carried at IRS in Stuttgart, Germany. Maurer et al. (1995) and Wagner et al.
(1998a,b) performed linear stability analyses of the plasma flow in SF-MPD thruster
by means of 3-fluid, 2-fluid and 1-fluid models and derived the dispersion relations
making use of plasma parameters measured in the vicinity of the anode. They showed
that various instabilities can develop, among which the space charge or Pierce instabil-
ity. They claim that the nonlinear development of this instability could lead to current
"chopping" (Wagner et al. (1998a,b)), or at least to strong fluctuations of the imposed
current (Maurer et al. (1995)), but this kind of oscillations are not detected in SF-MPD
thrusters operation (Uribarri (2008)).
Di Vita et al. (2000) hypothesized the presence of the Wardle instability in MPDT
plasma flow, showing that fast magnetoacoustic waves can be triggered.
As previously anticipated, a joint research program was undertaken in Italy across
the 2000’s by Alta-Centrospazio (Pisa, Italy) and RFX Consortium (Padua, Italy) in or-
der to asses the development of macroinstabilities in several MPD thruster configura-
tions, illustrated in Fig.(2.17). They employed many diagnostics and successfully cor-
related the observed fluctuations of temperature, voltage and magnetic field measure-
ments to the development of kink modes inside the thruster (Zuin et al., 2004a,c,b,d; Pa-
ganucci et al., 2005; Serianni et al., 2004; Spizzo et al., 2004). As illustrated in Fig.(2.18),
they observed rotating plasma structures characterized by m = 0, 1 azimuthal wave
numbers both in self- and applied-field configurations. The most energetic observed
mode was the m/n = 1/1 helical mode, illustrated in Fig.(2.2-c) by means of tomo-
graphic imaging. The authors succeeded in correlating the threshold of stability in
the applied-field configuration to the Kruskal-Shafranov criterion for the stability of
a plasma column immersed in a helical magnetic field (see Fig.(2.19), details in the
original reference).
The work of Schrade et al. (1985, 1991) on the stability of the discharge in nozzle-type
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Figure 2.17: Thrusters tested at Alta-Centrospazio to assess the development of kink
instabilities in MPD thrusters (Paganucci et al., 2008). (a) Hybrid
Plasma Thruster (jointly developed by RIAME-MAI (Moscow) and Alta-
Centrospazio (Italy) (Tikhonov et al., 2001)); (b) Insulator Cone Thruster
(instrumented with arrays of photodetectors for tomography measure-
ments); (c) thruster geometry allowing for the insertion of passive stabi-
lization plates.
MPD thrusters has shown that the plasma channel exiting the constrictor can be un-
stable to tilting and deflection from thruster axis, generating plasma structures which
strongly resemble the ones observed by the Alta-RFX collaboration, as illustrated by
direct comparison in Fig.(2.2-b).
It is important here to point out again that both kink modes and tilting instabilities
of the plasma column have only been observed in MPD thrusters with short cathodes
(see Fig.(2.17)). This configurations seem to be particularly prone to undergo this
kind of unstable large-scale behavior, while they were not detected in configurations
with longer cathodes, such as on the Princeton Benchmark Thruster, whose cathode
extends well beyond the anode disk. The reason for the observed differences could be
that in order for the kink instabilities to develop, a strong current component parallel
to the local magnetic field is required, as it is the case in the so called screw-pinch
configurations. In SF-MPD thrusters, although a non-negligible component of axial
current could be present as a consequence of the finite value of the electron Hall
parameter, no axial magnetic field is present at equilibrium. Zuin et al. (2004c) argue
that at the inception of the critical regime, the azimuthal symmetry of the device can
be broken, giving rise to the generation of an axial component of the magnetic field.
Although this could be the case, it is not straightforward to believe that this could
lead to the development of a kink instability in different thruster configurations. It
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Figure 2.18: Energy of m = 0 (black triangles) and m = 1 (white circles) kink modes
detected in self-field and applied-field MPD thruster as a function of the
total current: a) Bext = 0, b) Bext = 20 mT, c) Bext = 80 mT. (from Zuin
et al. (2004a), details therein).
Figure 2.19: Comparison of observed threshold for stable operation of the Hybrid
Plasma Thruster with the Kruskal-Shafranov limit for stability of a plasma
column with helical magnetic field topology (Zuin et al., 2004a).
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is not a coincidence that this kind of instabilities has been observed in the self-field
configuration only with thrusters with a short cathode, as this configuration naturally
leads to the formation of a column-shaped plasma structure in which, for a relevant
portion of the thruster length, the axial component of the plasma current is prevalent.
In thruster configurations with long cathodes this is simply not allowed, and moreover
it is possible that the very presence of this central metallic rod could act as an internal
stabilizer against the development of large-scale MHD instabilities.
2.3.3 Onset induced by back-EMF
We have already introduced the back-electro-motive force, or simply back-EMF, in
Sec.(1.3.1). It is responsible for the reduction of the effective electric field seen by
the plasma in the central part of the acceleration channel, and then of the reduction
of the conduction zone. Increasing the power level of MPD thruster operation, i.e.
increasing J2/m˙ value, both the plasma velocity in the channel and the self induced
magnetic field increase, and then a rapid growth of the back-EMF is verified.
Subramaniam and Lawless (1987) hypothesized that this mechanism is at the base of
the onset phenomenon (see also Lawless and Subramaniam (1991)). They performed
a one-dimensional analysis of the plasma flow in SF-MPD thrusters, assuming an
axially uniform radial electric field in the channel, whose magnitude is prescribed by
the requirement of having a smooth acceleration of the flow through the sonic point.
By imposing that the back-EMF be lower than this value, they obtained the following
stability criterion
k∗ = 8.52
W
H
ab
µ0ς2
valid for a simple plane-electrodes configuration of width W and electrode spacing H;
ab is the sonic speed in the sonic section while ς is the ratio between the magnetic field
magnitude at the inlet and at the sonic section, typically on the order of 1.1.
Although the back-EMF could have a role in creating proper conditions for onset
inception, it is not straightforward to make a direct connection between this limitation
and the complex phenomenology of MPD thruster onset. As underlined by Uribarri
(2008), MPD thrusters are current-driven devices, in which the total amount of cur-
rent is externally imposed and the voltage inside the thruster, and then the electric
field, take the proper value according to the local plasma quantities. Moreover in real
thrusters the electric field has always both a radial and an axial component, and in
short cathode configurations the last component is prevalent for a major part of the
thruster length, so that it is not clear how the results obtained by Subramaniam and
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Lawless should apply in the general case.
2.3.4 Uribarri’s model of voltage hash
The results of the theoretical investigations previously described do not provide any
prediction about the behavior of the thruster once the threshold of stability is over-
come, that is to explain what are the physical phenomena leading to anode spot and
voltage hash creation. Starting from the observations of the 1/ f β fall in the power
spectra of terminal voltage fluctuations, Uribarri has recently developed a heuristic
model of voltage hash.
The 1/ f 2 trend in the power spectrum is proper of a Brownian motion, i.e. it is the
integral of white noise, which has a flat power spectrum. This is equivalent to stating
that the time derivative of the voltage signal is randomly distributed. Uribarri (2008)
hypothesized that since with a diffuse current pattern the anode can only collect an
amount of current which is limited to the electron saturation current Jsat, any addi-
tional current Je resulting by the imposition of the overall current JPFN by the external
Pulse Forming Network (PFN), i.e. Je = JPFN − Jsat, will be either carreid by means
of plasma filaments attaching to anode spots or will lead to an increase of the anode
sheath potential. He modeled the interaction between a spot and the anode sheath as
a parallel circuit between the sheath, schematized as a capacitor, and the anode spot,
described as a resistor. He also assumed that this circuit is randomly switched on and
off, as shown in Fig.(2.20). While the switch is open the incoming current rises the
Figure 2.20: Parallel RC model of anode sheath and single spot (Uribarri, 2008).
capacitor voltage as
VC =
Je
Cas
t
being Cas the anode sheath capacitance and assuming a constant Ie. When the switch is
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closed the capacitor discharges through the resistor and the voltage across the parallel
combination falls exponentially in time as
V = VCe
− t
RsCas
being Rs the spot’s resistance. The voltage rise time is greater than the fall time, as
observed experimentally. Uribarri modeled the entire behavior of the thruster beyond
onset as the superposition of many spots, expressed as the superposition of many
switching events randomly distributed in time, with rise times and amplitudes also
chosen randomly. He imposed that the current carried by each spot contributes to the
growth of the sheath voltage instead of being redistributed among other acting spots.
The simulated voltage signal he obtained has the same spectral properties of terminal
voltage measurements, thus giving strength to the hypothesis that the charging and
discharging of the anode sheath by the randomly generated spots could be the effective
mechanism behind voltage hash.
2.3.5 Anode spots and current filamentation
Very few theoretical considerations on anode spots are available in the literature. Dia-
mant et al. (1998) and Vainberg et al. (1978) attributed the emergence of spots to the
increased local plasma conductivity following concentrated melting and vaporization
of anode surface. Uribarri (2008) has however shown that this is not the case, as
he showed that the ablation of the solid components is not a necessary step for the
symmetry breaking, the creation of plasma filaments and the voltage fluctuations to
happen, although it might have an effect on them if present.
Both Di Vita et al. (2000) and Uribarri (2008) claimed that anode spots should emerge
as a consequence of a plasma instability known as filamentation instability (whose ex-
istence has been experimentally verified in other plasma devices like the plasma fo-
cus, which presents analogies with the MPD thruster) but none of the previous au-
thors gave a satisfactorily analysis of this hypothesis. Di Vita et al. (2000) showed, by
means of an order-of-magnitude analysis of the involved plasma quantities, that the
azimuthal symmetry of the plasma flow can be no longer postulated at high current
levels. They also stated that the creation of self-focusing regions of plasma could be a
result of the development of a plasma instability named after Wardle, arising by the
propagation of shock waves in gaseous clouds. In the same work, Di Vita et al. (2000)
have also hypothesized that the number of filaments, i.e. of spots, should be almost
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constant during the discharge, based on the assumption that no preferred filament
should exist. Recalling Taylors’s principle of magnetohydrodynamics, they also argued
that these spots should be force-free. Taylor’s principle states that a plasma system with
a fixed amount of magnetic helicity develops towards a state corresponding to the low-
est magnetic energy compatible with the magnetic helicity constraint, and this state is
essentially force-free, i.e. with j ‖ B, the Lorentz force being then zero. This should
not always be the case during MPD thrusters onset however, as it is experimentally
observed that both the bulk plasma maintains its accelerated axial motion and also the
plasma channels responsible for the creation of the anode spots are subjected to the
action of the axial Lorentz force component, as it is evident by the the presence of long
streaks of melted material in the damage patterns of the anodes of MPD thrusters. In
thrusters adopting disk-shaped anodes whose axis is parallel to thruster axis, such as
in the Princeton Benchmark Thruster, these streaks are directed in the radial direction,
indicating an axial motion of the plasma filaments, as shown in Fig.(2.5).
The unstable dynamics of the plasma filaments and the associated anode spots
should be the fundamental driver of the voltage hash according to Uribarri (2008).
He was indeed able to prove this by almost eliminating the voltage hash by adopting
what he called a constrained-attachment anode, i.e. a graphite anode which is completely
covered with an alumina layer (refractive insulator) except in a number of tiny holes
obtained by laser-drilling. This way, the plasma current was stabilized, as the current
paths were prescribed by the anode geometry. This confirmed the hypothesis that the
stability of the current pattern is at the base of the voltage hash suppression. Obvi-
ously this cannot be the ultimate engineering solution, as the thruster operation was
characterized by intense erosion at the attachment points even at low currents because
of the huge local power fluxes.
2.4 Attempts to delay onset
In this section we give a brief overview of the few attempts which have been made in
the past to avoid or at least delay the inception of the onset regime. As we shall see,
most of the devised possibilities to delay onset inception are based on taking actions
to avoid, or at least to counteract, the anode starvation phenomenon.
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2.4.1 Mitigation of anode starvation
The most obvious way to increase near anode plasma density is to directly inject the
propellant in its vicinity. Boyle et al. (1976) have shown that increasing the propellant
fraction injected near the anode leads to an increase of the onset current J∗ given
the mass flow rate, as shown in Fig.(2.21). Analogous results have been obtained,
Figure 2.21: Dependence of onset current J∗ on propellant fraction injected near the an-
ode (100% corresponds to fully near-cathode injection) and cathode length
(cathode 1 - short, cathode 2 - long) (argon propellant, m˙ = 6 g/s, from
Boyle et al. (1976)).
among others, by Paganucci and Andrenucci (1995), Tikhonov et al. (2000) and Kurtz
et al. (1987). The overall improvement given by this scheme seems however to be
limited by the propellant choice (almost no J∗ increase was measured by Paganucci and
Andrenucci (1995) for hydrogen and helium), by the current level (terminal voltage
reduction was detected only for J < J∗ by Tikhonov et al. (2000)), by cathode length
(both Boyle et al. (1976) and Merke et al. (1988) have shown no propellant injection
effect for short-cathode configurations, see Fig.(2.21)) and in any case the increase of
J∗ is very small in percentage (on the order of a few percent from data given by Kurtz
et al. (1987)).
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An increase in near anode plasma density, and then an onset delay, can also be
achieved by proper erosion and ablation of a solid component, such as the "stinger"
used by Rudolph et al. (1978), a plexiglass rod inserted into the MPD channel acting
as an additional mass source. Although useful to understand the effective role of the
particle number density, this is obviously not a design solution.
One of the possible reasons for the limited effectiveness of the near-anode propel-
lant injection strategy lies in the fact that what really matters from the standpoint of
the anode behavior is the local density of charge carriers. The localized injection of the
neutral propellant does not provide a direct improvement in this regard. An improve-
ment of this concept is based on an attempt to inject a fraction of ionized propellant,
i.e. a plasma, in the vicinity of the anode.
A recent implementation of this concept is the Hybrid Plasma Thruster (HPT) de-
veloped jointly by RIAME-MAI (Moscow, Russia) and Alta-Centrospazio (Pisa, Italy)
(Tikhonov et al., 2000). This is a hollow-cathode AF-MPD thruster, whose anode con-
sists of an aluminum cylinder and eight additional straps, made of copper, which
divide the central chamber from what the authors call the ionization chamber. This
ionization chamber basically consists of the volume in between the aluminum cylin-
der and the rear region of the copper straps, where eight smaller hollow cathodes are
installed on the back plate, as illustrated in Fig.(2.22). The goal was to inject 10-20%
of propellant through these additional cathodes and to ionize this propellant fraction
by means of a secondary low-power discharge, about 5-40 kW, ignited between the
peripheral cathodes and the common anode. The authors report a reduction of about
Figure 2.22: Hybrid Plasma Thruster (Tikhonov et al., 2001).
10% of the operating voltage below critical conditions (Tikhonov et al., 2000), a reduc-
tion of the amplitude of voltage fluctuations during operation in the critical regime
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(Tikhonov et al., 2000) as well as a stable operation at currents much higher than the
estimated critical current (Paganucci et al., 2001). They also proved the improvements
did not result from the erosion of the central copper cathode, which was an initial
concern in the interpretation of the data (Tikhonov et al., 2000), as later optical investi-
gations of the plasma plume showed no trace of emission from metallic atoms or ions,
and moreover gave indications of almost full ionization of the propellant (Borghi et al.,
2002).
A more refined implementation of the same strategy can be found in the concept of
Quasi-Steady Plasma Accelerator (QSPA) introduced by the leading Russian plasma
scientist Alexey I. Morozov Morozov (1990), which is described in Sec.(4.2.3).
To conclude, we recall that in Sec.(1.4) we have described two other design choices
which have shown to help mitigate the anode starvation, i.e. choosing propellants with
low molecular weight and choosing thruster configurations with an extended cathode.
The first leads to a direct increase of the particle density, the other parameters being
kept constant, while the second tends to favor the establishment of a current pattern
with a reduced axial component, thus reducing the pinching component of the Lorenz
force. Generally this choice also proves to be somehow effective in reducing the anode
potential fall and then the terminal voltage, as shown by Kurtz et al. (1988).
2.4.2 Stabilization of kink modes
A completely different approach in trying to delay onset inception consists in provid-
ing a way to stabilize the plasma flow against the instabilities which develop in the
critical regime.
An implementation of this concept which has proved somehow effective has been
proposed by the researchers involved in the joint research program undertaken by
Alta-Centrospazio (Pisa, Italy) and Consorzio RFX (Padua, Italy) to investigate the
onset regime in MPD thruster configurations with a hollow cathode. The method
consists in the insertion of longitudinal insulating plates in the channel of the MPD
thruster with the goal to prevent the inception of the previously described kink modes
(Zuin et al., 2007; Paganucci et al., 2007), as shown in Fig.(2.23). For operations with
the externally applied field the authors report a substantial decrease of the operational
voltage and of the measured amplitude of the m = 1 kink mode, without any substan-
tial reduction of the thrust level. Although promising, it is not clear how the thrust
level could not be affected by the insertion of the plates which prevent the rotation of
the plasma and the build up of the azimuthal Hall current, both of which are known
to give a substantial contribution to thrust generation in applied-field MPD thrusters.
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Figure 2.23: Geometry of insulating plates employed to stabilize the flow against kink
instabilities (Zuin et al., 2007; Paganucci et al., 2007)).
As the authors stated (Paganucci et al., 2007), the effect of the erosion of the solid
components, especially of the insulating plexiglass plates, remained to be assessed, as
this could indeed provide an explanation for the almost unchanged thrust levels.
The one just described is in any case an interesting solution as it is the only one
aiming at directly stabilizing the plasma flow. In Sec.(3.5) we will investigate the
theoretical effectiveness of an analogous solution in stabilizing the plasma instability
which will be described in the next chapter.
2.5 Conclusions
In this chapter we have analyzed the wealth of knowledge coming from decades of
both experimental and theoretical efforts aimed at achieving a deeper comprehension
of the onset phenomenon in MPD thrusters. Here we make a short summary of the
most important results and of the points that are still missing.
MPD thruster onset is driven by some fundamental instability arising in the plasma
after a critical value of the driving parameter k = J2/m˙ is overcome. The most impor-
tant effect on local plasma quantities, which seems to play a major role in all cases, is
the lowering of the plasma density close to the anode surface, leading to the so called
anode crisis. The axial symmetry of the discharge is broken in all cases. A strong
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increase of the ablation of the thruster components is also observed.
In short-cathode and nozzle-type thrusters, after the breaking of the symmetry a
new macroscopic equilibrium configuration emerges, characterized by the presence
of a rotating helical plasma channel connecting the cathode tip to the anode surface.
This configuration is typical of kink modes and the rotation of the plasma structure
gives rise to specific oscillation frequencies in the time traces of the measured plasma
quantities. This kind of plasma structures can be reasonably explained by the kink-
mode theory proposed by Zuin et al. (2004d) (or the theory proposed by Schrade
et al. (1991) for self-field nozzle-type thrusters), and the frequency of the observed
oscillations is essentially related to their rotation frequency, which has been shown to
scale with the product of the imposed current and the applied magnetic field. In these
devices the axi-symmetric configuration before onset inception is characterized by a
prevalent axial component of the current density, which results in a strong pinching
force acting on the plasma volume. For this reason we can state that these thrusters
are not optimized for onset delay.
In long cathode thrusters, the breaking of the axial symmetry does not lead to the
emergence of a new global equilibrium configuration but takes the form of a recurrent,
randomly driven creation and annihilation of plasma filaments which attach to the
anode surface and create the so called anode spots. The current pattern in the axi-
symmetric configuration before onset inception is mainly radial, so that the pinching
component of the Lorenz force is kept low and the anode crisis is delayed. The very
geometry of these thrusters, with an extended rod-type cathode, does not allow for the
emergence of a kink-type mode. The emergence of the plasma filaments and associated
anode spots is required in order to carry the excess current which cannot be carried
by the random electron thermal flux to the anode, and act as a discharge mechanism
to lower the anode sheath potential. This mechanism, associated to the apparently
unstable and random dynamics of the plasma filaments, leads to the observed erratic
fluctuations of the thruster terminal voltage. The presence of plasma filaments and
voltage hash is independent from the ablation of solid components, as this is a passive
thermal response to the energy input coming from the spotty current pattern related
essentially to the thermal properties of employed material. On the other hand, in
cases in which the anode material is such that intense erosion is achieved, a coupling
between the different phenomena might happen.
In the next chapter we will focus on this second kind of MPD thrusters, as several
questions still require an explanation:
• what is the physical driver behind the formation of current filaments?
- 55 -
2 Magnetoplasmadynamic thruster onset
• what is the reason for their unstable dynamics?
• what is the physical mechanism which connects the dynamics of the plasma to
the electrical response of the thruster?
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Symmetry breaking and
filamentation instability in
MPD thrusters
3.1 Introduction
At the end of the previous chapter we outlined a few questions which emerged after
the recent work performed by Uribarri (2008) on the onset phenomenon.
The goal of this chapter is to provide a framework which is capable to offer physi-
cally coherent explanations to the formulated questions. The underlying hypothesis is
that conditions might exist in MPD thruster plasmas for the inception of a current fil-
amentation instability, already put forward by Uribarri (2008) and Di Vita et al. (2000)
but not further explored.
By current filamentation instability (CFI), plasma physicists usually denote a trans-
verse (k ⊥ E) purely electromagnetic instability emerging in the context of beam-
plasma interactions and propagating in a direction which is perpendicular with re-
spect to the beam direction (k ⊥ vb). It leads to concentration of electrical current
carriers in tiny conduction layers, i.e. filaments, which can persist in a steady state,
and has actually been observed in many contexts, from astrophysical plasmas (Peratt,
1995), where it is accounted for the creation of magnetic fields on cosmological scales
and solar flares, to laboratory plasmas, such as in plasma pinches and coaxial devices
such as the plasma focus. As previously stated, in most of the literature a kinetic anal-
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ysis is performed of configurations consisting of several beams propagating through a
plasma in such a way that the system is initially both charge and current neutralized,
i.e. in which no net charge nor net current are initially present (Bret, 2009). Investi-
gations on current filamentation in current-carrying plasmas have focused on plasma
pinches (Kleev and Velikovic, 1990) and the plasma focus (Gribkov et al., 1998; Mi-
lanese et al., 2007; Di Vita, 2009) devices. The analytical approach taken here to study
current filamentation in SF-MPD thrusters is somehow similar to the one followed in
the work of Niknam and Shokri (2008).
The possible role of current filamentation in MPD thruster onset is specifically in-
vestigated in this chapter. We first proceed to create a model and than to investigate
the stability of a simple plasma configuration which can be taken as a first-order ap-
proximation of the much more complex plasma in these devices. The examination of
the nonlinear regime will show that despite the simplicity of the model adopted, this is
still capable of capturing some of the fundamental features of the onset phenomenon
which are observed experimentally.
Sec.(3.2) is devoted to the description of the model and to its linear stability analysis.
In Sec.(3.3) the nonlinear behavior of the plasma is studied by solving the fully nonlin-
ear model in steady conditions and the linear stability of the steady nonlinear solutions
is then investigated. Qualitative and quantitative considerations are made on critical
conditions for filamentation by direct comparison with available data on the Princeton
Benchmark Thruster. In Sec.(3.4) a model is proposed for the interaction between the
dynamics of the plasma in the thruster and its electrical response: two possible critical
regimes and the corresponding electrical response of the thruster are described. A
physical interpretation is also given of the model devised by Uribarri (2008) for the
interaction between the spotty current and the anode sheath in conditions of current
saturation.
3.2 Current filamentation in a coaxial current-carrying plasma
3.2.1 Simplified plasma model
The scope of this section is to develop a simplified model to study the azimuthal
dynamics and stability of the plasma in a SF-MPD thruster configurations similar to
the Princeton Benchmark Thruster. As shown by Boyle et al. (1976) and Sankaran et al.
(2005), the annular plasma region close to the anode lip is characterized by a current
pattern which is essentially radial.
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The equilibrium plasma configuration in our model (subscript 0) is axi-symmetric
with no plasma rotation and a purely azimuthal induced magnetic field. In order for
the current filaments to form, the azimuthal symmetry of the equilibrium plasma must
break down, and attention is to be paid to such symmetry breaking and azimuthal
dynamics of the plasma.
Here it is considered an inviscid quasi-neutral plasma between coaxial electrodes,
carrying a net radial current. A simplified two-fluid model (electrons, subscript e, and
ions, subscript i) is taken, making the following assumptions:
- a generic polytropic transformation is assumed for the plasma as a whole, i.e.
pρ−α = const.⇒ T = T0(n/n0)α−1, where the state equation p = kBnT was used
(T = Ti + Te); this allows to consider both adiabatic transformations (α = 5/3,
fast dynamics) and isothermal ones (α = 1, slow dynamics)
- the radial current is carried only by electrons and their drifting velocity u0 does
not change substantially during filamentation; the axial component of current
density is neglected
- since we expect a very peaked structure in the azimuthal direction in the pres-
ence of filaments, we neglect variations of plasma and field quantities along
radial and axial directions with respect to variations along azimuthal direction,
i.e.
∣∣∣∣∂a∂r
∣∣∣∣, ∣∣∣∣∂a∂z
∣∣∣∣ ∣∣∣∣1r ∂a∂θ
∣∣∣∣ for any physical quantity a
- we neglect the radial component of the magnetic field, as a consequence of the
previous assumptions; the assumption on the electron radial velocity guarantees
that the total current is constant (as it is during SF-MPD thruster onset); accord-
ingly we assume that the azimuthal component of the magnetic field remains
almost unchanged during filamentation, i.e. Bθ ' Bθ0, although in real opera-
tion this could be not the case as we expect current concentration along the axial
direction too. The inclusion of the axial coordinate is left for future work.
With previous assumptions in mind we can write down momentum equations along
θ for electrons (neglecting their inertia)
0 = − kB
r
∂ (nTe)
∂θ
− neEθ + neu0Bz − Pieθ
and ions
min
[
∂v
∂t
+
v
r
∂v
∂θ
]
= − kB
r
∂ (nTi)
∂θ
+ neEθ + Pieθ .
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Summing up the preceding equations we get
min
∂v
∂t
+
min
r
v
∂v
∂θ
= − kB
r
∂ (nT)
∂θ
+ neu0Bz . (3.1)
The unsteady continuity equation reads
∂n
∂t
= −1
r
∂ (nv)
∂θ
. (3.2)
Steady state Ampère’s equation, at equilibrium, reads
−∂Bθ0
∂z
= −µ0en0u0
while in unsteady conditions, i.e. during the development of filamentation,
1
r
∂Bz
∂θ
− ∂Bθ0
∂z
= −µ0enu0 .
Taking the difference between the last equations we get
∂Bz
∂θ
= −µ0er(n− n0)u0 . (3.3)
From the last equation it follows:
n = n0 − 1
µ0eru0
∂Bz
∂θ
⇒ ∂n
∂θ
= − 1
µ0eru0
∂2Bz
∂θ2
,
while taking the derivative of (3.3) with respect to time and integrating with respect
to θ we find by means of (3.2)
∂Bz
∂t
= µ0eu0nv + C .
The integration constant C must be zero since there is no source for the generation
of an axial component of the magnetic field other than the azimuthal motion of the
plasma, i.e. if the azimuthal plasma velocity is null, such as at equilibrium, then the
time derivative of the axial magnetic field must be equally null. From the previous
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equation we get
nv =
1
µ0eu0
∂Bz
∂t
⇒ v = 1
µ0enu0
∂Bz
∂t
⇒ ∂v
∂t
=
1
µ0enu0
∂2Bz
∂t2
− 1
µ0eu0
1
n2
∂Bz
∂t
∂n
∂t
.
Performing several substitutions and algebraic manipulations of the terms in (3.1), we
find a unique strongly nonlinear partial differential equation for the evolution of the
axial component of the magnetic field:
∂2Bz
∂t2
+
∂
∂θ
[(
∂Bz
∂t
)2]
(
µ0ern0u0 − ∂Bz
∂θ
) +
(
∂Bz
∂t
)2 ∂2Bz
∂θ2(
µ0ern0u0 − ∂Bz
∂θ
)2 =
αkBT0
mir2
1− ∂Bz∂θ
µ0ern0u0

α−1
∂2Bz
∂θ2
+
µ0e2n0u20
mi
Bz − eu0mir Bz
∂Bz
∂θ
. (3.4)
The previous equation is the starting point of our analysis.
3.2.2 Linear stability analysis
We perform here a linear stability analysis of the equation for the axial component of
the magnetic field previously obtained. Taking only leading order terms in θ in (3.4),
it follows (recall Bz = 0 at equilibrium)
∂2Bz
∂t2
=
αkBT0
mir2
∂2Bz
∂θ2
+
µ0e2n0u20
mi
Bz (3.5)
and then we assume a small sinusoidal perturbation of the form Bz = <
{
B̂zei(mθ−ωt)
}
,
where B̂z is the real-valued wave amplitude and m must be an integer number in order
to respect the azimuthal 2pi-periodicity, which is obviously to be accounted for even if
the azimuthal symmetry is broken. Here we assume m is positive since negative values
just correspond to a pi-radians phase-shift. The evolution of the magnetic field is
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unstable if the imaginary part of ω is positive. Proper substitution of the perturbation
into (3.5) leads to the following quadratic equation for ω:
ω2 =
α
τ20
(
m2 − m
2∗
α
)
, (3.6)
where the characteristic time τ0 =
√
mir2/(kBT0) and the critical parameter m2∗ =
(µ0e2n0u20r
2)/(kBT0) have been introduced. Let (ωr, ωi) ∈ R be respectively the real
and imaginary part of ω.
If m2 < (m2∗/α)⇒
(
m2 − (m2∗/α)
)
< 0, the system is unstable and the linear growth
rate of the unstable m−th mode is |=(ω)| =
√
α |m2 − (m2∗/α)|/τ0, while ωr = 0.
Since it is strictly m2∗ > 0, it results that this system is always unstable with respect
to the m = 0 mode. It is our opinion that this result is just a consequence of the
simplicity of the model here adopted. The m = 0 mode would imply a uniform rigid-
body rotation of the plasma in the thruster, which is not observed in usual operation.
An exception can be found in the work of Zuin et al. Zuin et al. (2004a) on a thruster
with a short hollow cathode and a flared anode, where m = 0 and m = 1 modes were
observed both in applied and self-field configurations.
We focus our attention on the unstable development of m ≥ 1 modes, since the tran-
sition from a diffuse to a spotty conduction pattern is characterized by an azimuthal
structure of the plasma flow, which differs from the steady state where the magnetic
field, as all other quantities, is homogeneous along θ, as it holds for m = 0 . It is evi-
dent from (3.6) that m ≥ 1 modes can develop unbounded only if at least (m2∗/α) ≥ 1,
so that our criterion for the transition to the spotty conduction pattern can be simply
stated as
m2∗
α
=
µ0e2n0u20r
2
kBT
≥ 1 . (3.7)
Actually all azimuthal modes such that their mode number m satisfies
(
m2 − (m2∗/α)
)
<
0 are unstable.
The linear growth of the instability can be described as follows. Suppose that a
small axial component of the magnetic field is created by some source of noise, which
varies sinusoidally along θ. The combined effect of the radial motion of electrons and
of the axial magnetic field is such that electron trajectories are bent by the azimuthal
component of Lorentz force and they tend to group in clumps centered on points
along θ where the axial magnetic field vanishes with a negative slope (see Fig.(3.2.2)).
Ions too undergo such a concentration in order to preserve quasineutrality, under the
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Figure 3.1: Physical picture of the linear development of filamentation instability.
Lorentz force acting on electrons has been highlighted.
action of collisional momentum transfer and of the azimuthal electric field generated
by the instability. The only force which can oppose such concentration is the thermal
pressure. If the background plasma density and temperature are such that the increase
in plasma pressure due to plasma concentration can compensate and overcome the
bending effect due to Lorentz interaction, current concentration cannot proceed. This
explains why the CFI we have found has a threshold in terms of plasma quantities for
m ≥ 1 modes.
If the pressure increase cannot compensate and overcome the azimuthal Lorentz
force, the instability does develop and azimuthal clumps of plasma density steepen;
this gives an active interaction with the axial magnetic field, which is made to grow
in magnitude by the concentration of current carrying electrons, thus increasing the
local current density and the axial magnetic field. The increase in Bz further enhances
the bending of the electron trajectories and the instability strengthens, as shown in
Fig.(3.2.2). It must also be noted that every time the axial magnetic field perturbation
presents even a small wrinkle, as it should be expected in the experimental opera-
tion because of real-world noise, this corrugation will lead to plasma concentration if
the threshold condition (3.7) is fulfilled. This could be the reason why the unstable
evolution of m = 0 mode is almost never observed in practice.
The fact that low mode-number perturbations are more easily developed than high-
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m modes can be explained as follows. Previous analysis shows that the pressure
gradient, i.e. the pressure force, is essentially proportional to the second derivative in
θ of the axial magnetic field. Now, if a sinusoidal shape of the linear perturbation of
Bz is assumed, i.e.
Bz ∼ sin (mθ) ,
which directly translates in an analogous trend of the azimuthal Lorentz force, it fol-
lows for the thermal pressure
−∂p
∂θ
∼ −m2 sin (mθ) , m > 1 .
The previous expression indicates that high mode-number, i.e. high-m, perturbations
lead to higher density gradients and then higher gasdynamic pressure forces in the
linear regime with respect to low-m waves, and thus tend to be more stable.
3.2.3 Effect of collisions with neutrals
In the previously described model we did not take into account the effect of ion colli-
sions with neutrals, which in principle can have a non-negligible effect on the dynam-
ics of the plasma. As this kind of collisions act as a damping term on the ion dynamics,
we are forced to understand if they might play a role in enhancing the stability of the
original symmetric configuration. We will quickly show that this is not the case.
The ion-neutral collisional term can be written as Pin ' −νinnv. It can be readily
verified that this leads to an additional term on the r.h.s. of Eq.(3.5), which becomes
∂2Bz
∂t2
=
αkBT0
mir2
∂2Bz
∂θ2
+
µ0e2n0u20
mi
Bz − νin ∂Bz
∂t
(3.8)
giving the following equation for the complex linear oscillation frequency
ω2 + iνinω− α
τ20
(
m2 − m
2∗
α
)
= 0 (3.9)
which has the following roots
ω =
νin
2
[
−i±
√
4
α
(τ0νin)2
(
m2 − m
2∗
α
)
− 1
]
.
Now, we recall that in order for the plasma to be unstable, the imaginary part of the
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complex frequency ω has to be positive. It is immediate to realize that this is possible
only if the argument of the square root is less than −1, but this implies again that the
system is unstable if
(
m2 − (m2∗/α)
)
< 0. This shows that even taking into account
the damping effect of ion collisions with neutrals, the stability properties of the axi-
symmetric plasma configuration do not change.
3.3 Steady nonlinear filamentation
Plasma concentration in narrow conduction layers can continue up to the point at
which the thermal pressure gradient between the inside and the outside of these zones
compensates the Lorentz force. In order to study the steady state of the instability all
time derivatives in (3.4) have been canceled. Note that from (3.3) it follows
µ0ern0u0 − ∂Bz
∂θ
= µ0eru0n
and as it is physically impossible to have n = 0, the denominator of second and third
terms on the l.h.s. of (3.4) cannot be null.
The steady form of (3.4) can then be written as
α
(
1− dβ
dθ
)α−1 d2β
dθ2
+ m2∗β
(
1− dβ
dθ
)
= 0 ,
where the nondimensional axial magnetic field β = Bz/(µ0en0u0r) was introduced.
This is a nonlinear differential equation to be solved numerically with periodic
boundary conditions. It admits multiple solutions, among which the trivial one. We
made use of the bvp6c Matlab routine by Hale and Moore (2008), taking as a guess
for β a sinusoidal waveform valid in the linear regime, having a unit amplitude and a
period equal to 2pi/m, m given by the integer part of m∗. A relative tolerance of 10−3
was imposed in the calculations. The nondimensional relative number density (see
Eq.(3.3))
ξ =
n− n0
n0
= −dβ
dθ
was also introduced, which is a measure of how different is the steady filamented
number density pattern from the equilibrium one. When m∗ ≥ 2, guesses with
different azimuthal periods can be taken and then different nonlinear solutions can
be obtained. In real operation this would mean that waves with different azimuthal
mode-numbers can be excited and we can expect a superposition of them, whose
- 65 -
3 Symmetry breaking and filamentation instability in MPD thrusters
Figure 3.2: Steady nonlinear solutions of the nondimensional magnetic field β and the
nondimensional relative number density ξ for m∗ = 4.3, α = 1, m = 3
(black) and m = 4 (gray).
complex dynamics can only be properly described by integration in time of (3.4). In
Fig.(3.2) two such nonlinear steady solutions are shown for m∗ = 4.3 and α = 1, ob-
tained taking m = 3 and m = 4, while in Fig.(3.3) two nonlinear solutions are shown
for m∗ = 5.3 and α = 5/3, with m = 3 and m = 4 respectively. The evident pattern
of the nonlinear steady solution is the presence of more or less accentuated peaks in
the solution of particle number density. Those are just the high density, and then high
conductivity, plasma structures which can be identified as the current filaments lead-
ing to the formation of the anode spots, thus confirming the filamentation nature of
the instability analyzed up to this point.
3.3.1 Stability of the filamented pattern and mechanisms behind filament
disruption
Indications on the origin of current filaments in the plasma of SF-MPD thrusters have
been obtained in the previous section: they should emerge from the nonlinear devel-
opment of a plasma instability leading to the azimuthal symmetry breaking and the
generation of a spatially oscillating axial component of the magnetic field.
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Figure 3.3: Steady nonlinear solutions of the nondimensional magnetic field β and the
nondimensional relative number density ξ for m∗ = 5.3, α = 5/3, m = 3
(black) and m = 4 (gray).
Figure 3.4: Half-spectra of the nondimensional frequency associated to the eigenvalues
of problem (3.11), calculated for the nonlinear solution with m∗ = 4.3,
m = 3, α = 1 (grey) and m∗ = 5.3, m = 4, α = 5/3 (black).
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The strong current contraction has been put in evidence by solving for the steady-state
nonlinear solution of the proposed model. Actually such a solution may not exist, as
effects leading to the disruption of these complex plasma structures can be present.
First, we investigate the linear stability of the filamented pattern calculated in the
steady state. This task can be accomplished by expressing the axial component of
the magnetic field in Eq.(3.4) as the sum of a steady component plus a perturbation,
Bz = Bz∗ + B˜z, subtracting the steady nonlinear solution for Bz∗ and linearizing in B˜z
(the simplifying assumptions previously described can be thought to hold in this case
too). The linearized equation for the perturbation B˜z then becomes
(
in nondimensional
form with β˜ = B˜z/(µ0en0u0r)
)
:
∂2 β˜
∂τ2
= α
(
1− ∂β∗
∂θ
)α−1 ∂2 β˜
∂θ2
−[
m2∗β∗ + α(α− 1)
(
1− ∂β∗
∂θ
)α−2 ∂2β∗
∂θ2
]
∂β˜
∂θ
+ m2∗
(
1− ∂β∗
∂θ
)
β˜ (3.10)
where the subscript ∗ has been adopted to indicate quantities in the steady filamented
state and τ = t/τ0. The following expression of the propagating azimuthal waves
is taken: β˜ = β̂(θ) exp(−iΩτ). The implicit dependence of wave amplitude on the
azimuthal coordinate is retained because coefficients in Eq.(3.10) have such a de-
pendence, not allowing for a straightforward use of Fourier expansion. Denoting
differentiation along θ with a prime, the linearized equation can then be written as
−Ω2 β̂ = α (1− β′∗)α−1 β̂′′ − [m2∗β∗ + α(α− 1) (1− β′∗)α−2 β′′∗] β̂′ + m2∗ (1− β′∗) β̂ ,
corresponding to the generalized eigenvalue problem
Aβ̂ = λβ̂ (3.11)
where
A = α (1− β′∗)α−1D2 − [m2∗β∗ + α(α− 1) (1− β′∗)α−2 β′′∗]D1 + m2∗ (1− β′∗)
and
λ = −Ω2 ,
being Ds the differential operator giving the derivative of order s in the azimuthal
direction. The eigenmodes of the system are the eigenvectors of the operator A. The
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Figure 3.5: 5 eigenmodes of the generalized eigenvalue problem in (3.11) with the
highest linear growth rate, calculated for the nonlinear solution with
m∗ = 4.3, m = 3, α = 1.
stability of each eigenmode is determined by the sign of the imaginary part of the
nondimensional frequency Ω = ±√−λ associated to the corresponding eigenvalue
(the actual frequency ω is obtained by multiplication of Ω with the inverse of the
characteristic time introduced previously, i.e. τ−10 ). This problem has been solved
by means of the Chebfun collection of algorithms (Battles and Trefethen, 2004). In
Fig.(3.4) we report half-spectra (Ω = +
√−λ) of the nondimensional frequencies as-
sociated to the first 30 eigenvalues (starting from the origin in the complex plane) of
problem (3.11), taking two steady nonlinear solutions shown in Figs.(3.2-3.3), respec-
tively with m∗ = 4.3, m = 3, α = 1 and m∗ = 5.3, m = 4, α = 5/3. It is important
to note the presence of unstable eigenmodes, i.e. with a positive imaginary part of
Ω. In Fig.(3.5) the shape of the 5 eigenmodes with the highest linear growth rate is
reported (because the problem is linear, the scale on the y-axis is arbitrary), both for
the nondimensional perturbation of the magnetic field β and of the relative plasma
density ξ, for the nonlinear solution with m∗ = 4.3, m = 3, α = 1.
The previous analysis has pointed out that current filaments are actually unstable
structures. It must be added that other mechanisms can actually contribute to the
unstable dynamics of current filaments:
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- as well as the plasma in the equilibrium state, current filaments are also im-
mersed in the azimuthal magnetic field generated by the discharge. The intense
concentration of the current density makes the local Lorentz force much stronger
than in the surroundings; this implies that current filaments tend to be rapidly
removed from the channel volume (with a transit time at least as short as the typ-
ical transit time of the equilibrium plasma) and then destroyed in the low-current
density regions of the plume
- current filaments can be somehow assimilated to micro Z-pinches connecting the
anode to the cathode or to the bulk of the plasma volume; z-pinches are known
to be subjected to several MHD instabilities, sausage and tilting instabilities in
particular (which are 3-dimensional in nature and cannot be reproduced by our
simplified model)
- ohmic dissipation in the interior of the filaments tends to increase their in-
ternal pressure and to counteract the pinching action of the Lorentz force; if
the filament lifetime is sufficiently long, dissipation can actually play a role in
filament disruption.
Although the complex dynamics of current filaments cannot be exhaustively described
by means of the cited arguments, they give indication of the physical reasons behind
the observed unstable behavior of these plasma structures. A model aiming at assess-
ing this kind of stability problem should obviously take into account the full three-
dimensional nature of these plasma structures.
3.3.2 Observations on critical conditions for filamentation
The simple plasma configuration and model adopted for the investigation of the az-
imuthal dynamics lead to some interesting results on the possible concentration of
plasma and current density into narrow regions, which are identified as filaments, if
proper conditions are satisfied. These conditions are summarized in the criterion ex-
pressed in Eq.(3.7). Now we want to get some insight into the information carried by
this condition. Since the index of the assumed polytropic compression only appears
in Eq.(3.7) as a factor of order unity, we focus our attention on the critical parameter
m2∗.
This critical parameter for current filamentation can be rewritten as
m2∗ =
µ0 j20r
2
kBn0T
.
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Note that in our model r does not play the role of a space coordinate but it is just a
parameter, i.e. a reference length, since we neglected variations of plasma variables in
the radial and axial directions. For this reason the critical parameter m2∗ can be seen, by
use of Ampère’s equation, as the ratio between local magnetic and thermal pressure,
which is known to be one of the characteristic parameters of the flow of magnetized
plasmas in channels. We have seen in Sec.(1.4) that Tikhonov et al. (1993) performed an
analysis of SF-MPD thruster stability in which the parameter A0, defined as magnetic
to thermal pressure ratio in the sonic section, played a critical role.
What is more interesting is the fact that m2∗ grows both with increasing current
density and with decreasing plasma pressure. The first trend points out the role played
by so called back-electromotive force (back-EMF), which tends to reduce the effective
conduction zone on the central portion of the electrodes, where the effective electric
field (E + v× B) has a minimum, thus increasing the current density at their end
points. In the second trend, i.e. in the importance of the plasma pressure and then of
the plasma density, it can be recollected the hypothesis on the role played by anode
starvation in onset inception. In general it can be recognized that an increase of the
J2/m˙ level leads to an analogous increase in the critical parameter for filamentation
m2∗.
Another point to be noted is that an increase of J2/m˙ level implies that a greater
plasma region would be present in which the filamentation criterion in Eq.(3.7) is sat-
isfied (because of increased imposed current and/or decreased plasma density as a
consequence of the higher acceleration) and at the same time an increase of the criti-
cal parameter m2∗ would occur, leading to an increasing number of possible unstable
azimuthal modes (recall that all azimuthal modes with mode-number m satisfying
m2 < (m2∗/α) are unstable). A linear and nonlinear superposition of all the unsta-
ble modes is to be expected and an increasing number of filaments will form, a result
which is consistent with the experimental observations of Uribarri and Choueiri (2009).
It would be interesting, at this point, to take a direct comparison between the cri-
terion here obtained for the inception of current filamentation and the onset criteria
previously proposed in the literature, usually expressed in terms of a threshold on
the parameter k or ξ, as described in Sec.(1.4). However any such attempt would face
the necessity to estimate a number of parameters of SF-MPD thruster plasma flow
which can not be easily recollected, not for what concerns local quantities, e.g. plasma
parameters in the sonic section, nor for integral ones, e.g. the relation between local
current density and plasma pressure with total current and mass flow rate, this last at-
tempt being even more difficult because SF-MPD thrusters are characterized by strong
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variations of plasma parameters from inlet to exit section.
What we do here is taking an estimate of the possible ranges of variation of the pa-
rameters involved in the definition of m2∗ in the case of Princeton Benchmark Thruster
(PBT). Current filamentation can occur as soon as m2∗ ≥ 1, so that the filamentation
criterion can be rearranged in terms of current density
j2
∣∣
fil. ≥
kBn0T
µ0r2
.
The following bounds can be confidently assumed for values of plasma parameters
and reference radius in the near anode region of the PBT, (see for instance data re-
ported Sankaran et al. (2005)):
n0 ≤ 1022
[
m−3
]
, T ≤ 105 [K], r ≥ 10−2 [m]
so that the critical value of current density which possibly leads to filamentation
should not be greater than: max ( j|fil.) ∼ 107 Am−2. Because Sankaran et al. (2005)
report values of j substantially in excess of 106 Am−2 over the cathode surface, we
can expect even higher values of j over the anode surface of the PBT, in which most
of the current is carried through a relatively small region in the vicinity of the anode
lip. Moreover, data on j reported by Sankaran et al. (2005) have been measured and
calculated at J = 16 kA and 6 g/s argon mass flow rate, i.e. at J2/m˙ = 42.67 kA
s/g, which is smaller than almost all J2/m˙ levels investigated by Uribarri on the same
thruster
(
Uribarri (2008), pp. 46-47
)
.
These estimates give then qualitative indications of the fact that current filamentation
can actually occur before conditions are reached in terms of operating parameters
which were previously identified as onset inception, thus explaining the previously
cited observation by Uribarri on the spotty nature of the current pattern in the PBT at
almost all J2/m˙ levels (Uribarri and Choueiri (2009) indicate J2/m˙ ' 60 kA s g−1 as
the threshold value for onset identification on the PBT).
3.4 Current filamentation and voltage fluctuations in MPD thrusters
In the previous sections we dealt with the problem of generation and stability of cur-
rent filaments in MPD thrusters. We want now to discuss some implications of our
findings on the interpretation of the relation between anode spots, coming from the
action of current filaments, and voltage hash.
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Based on the conclusions drawn at the end of the previous section, we hypothesize
that a distinction can be made between two possible regimes:
• filamentation regime: in this regime we suppose that the current pattern is filamented
but the thruster current is not yet saturated
• filamentation-saturation regime: in this regime both current filamentation and cur-
rent saturation occur.
By current saturation here we mean a condition in which the current level imposed
by the external power source, i.e. the Pulse Forming Network, is greater than the
total electron thermal current which can be collected at the anode surface, given by
the integration of the electron thermal flux over the anode surface (more precisely the
surface corresponding to the outer bound of the anode sheath), i.e.
Jsat =
∫
Sa
en
4
√
8kBTe
pime
dS , (3.12)
We expect a seamless transition from the equilibrium to the filamentation and then to
the filamentation-saturation regime as the critical driving parameter J2/m˙ is increased.
At the lowest J2/m˙ levels, SF-MPD thrusters can be thought, from the electrical stand-
point, as nonlinear current-limited resistive elements, with a resistance growing almost
quadratically with the imposed current, as the operating voltage of SF-MPD thrusters
is known to increase with the third power of J in the full electromagnetic regime, as
shown in Fig.(3.6-a). Increasing J2/m˙, current filamentation should start, leading to
the complex dynamics of plasma filaments previously described and to a characteris-
tic electrical response of the thruster as described in Sec.(3.4.1). At even higher J2/m˙
levels, current saturation occurs, i.e. JPFN > Jsat, and no more than Jsat can actually be
carried by the “resistive” part of the thruster, while the excess part Je = JPFN− Jsat con-
tributes to raise the anode sheath potential, which according to Uribarri and Choueiri
can be schematized as an ideal capacitor, as shown in Fig.(3.6-b). We recall that, as
outlined by Baksht et al. (1974), saturation occurs when the current density is satu-
rated over the whole anode surface. It is then appropriate to refer to the total current
saturation, as indicated by Eq.(3.12), instead of the current density saturation.
3.4.1 Filamentation regime
At conditions in which the thruster current is not yet saturated but the current pattern
is spotty, voltage oscillations can arise because of fluctuations of the thruster induc-
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(a) (b)
(c)
Figure 3.6: Schematic electrical circuit of SF-MPD thrusters operated (a) below onset
conditions, (b) in the filamentation regime and (c) in the filamentation-
saturation regime.
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tance. Any current carrying circuit has a self-inductance L which can be related to the
the energy stored in the magnetic field generated by the current itself (Jackson, 1998) :
L =
1
J2
∫ B · B
µ0
dV , (3.13)
the previous integration being performed over the entire current carrying volume.
The azimuthal magnetic field of an axi-symmetric coaxial SF-MPD thruster can be
approximated as
Bθ =
µ0 J
2pir
F(z) ,
where F(z) is a monotonically decreasing function of the axial coordinate such that
F(0) = 1 and F(l) = 0, l being thruster length and r a reference radius. The contribu-
tion to L from the volume occupied by the plasma is then
Lplasma =
µ0
2pi
ln
(
Ra
Rc
) ∫ l
0
F2 dz .
An estimate of L can then be calculated by taking a uniform current density distri-
bution, by which F = (1− z/l) and then Lplasma = µ0l6pi ln (Ra/Rc) ' 1÷ 10 nH. In
SF-MPD thrusters the current is held almost constant by the Pulse Forming Network
(Uribarri (2008) reports negligible oscillations of J only at the resonance frequency
of the feeding line). Because of the axial symmetry breaking, the filamentation of
current and the unstable nature of current filaments, additional components of the
magnetic field (in our simplified model it is just Bz) are continuously generated and
destroyed, giving rise to fluctuations of the thruster inductance which can be greater
than the thruster self-inductance in the symmetric configuration (Di Vita et al., 2000).
In the filamentation regime the thruster should then exhibit an almost inductive elec-
trical response. Such a behaviour has been observed by Di Vita et al. (2000). We
can estimate an upper limit to the associated voltage oscillations considering that the
characteristic time of inductance fluctuations should not be smaller than the charac-
teristic time τ0 of the linear development of the filamentation instability. An upper
current level in the order of 10 kA is assumed, and also an order of magnitude in-
crease of thruster inductance because of filamentation. Being τ0 ' 10−5 s it follows:
∆V = J
dL
dt
' J(∆L/∆t) ' 104 · 10−7/10−5 = 102 V.
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3.4.2 Filamentation-saturation regime
In this regime, even if inductance oscillations should still be present, strong voltage
fluctuations should arise as a consequence of the interaction between the complex
dynamics of current filaments and the saturation of thruster current. The model
proposed by Uribarri and Choueiri (2009), which has been previously discussed in
Sec.(2.3.4), even being heuristic in nature seems to correctly catch the fundamental
mechanism behind the interaction between the plasmadynamics of the filaments and
the electrical response of the thruster. The question still remains on what is the phys-
ical mechanism driving the random “switching” of the sheath-spot circuit. We argue
that it is the total saturation current, defined as the integration of electron thermal flux
over the anode surface (more precisely the surface corresponding to the outer bound
of the anode sheath), i.e.
Jsat =
∫
Sa
en
4
√
8kBTe
pime
dS ,
that must be attributed this role. Jsat obviously depends indirectly on the driving
parameters J = JPFN and m˙.
It can be assumed that the connection between the unstable dynamics of current
filaments and the electrical oscillations of the voltage is the total saturation current
Jsat, as a random oscillation of this quantity drives an equally random current input,
i.e. Je, to the sheath-charging portion of our ideal circuit, the externally imposed
current JPFN being held constant by the Pulse Forming Network; assuming the sheath
capacitance to be almost constant, this mechanism leads to fluctuations of the thruster
voltage which are the integration in time of a random signal. The question is now on
what physical mechanism can be accounted for such an almost random oscillation of
Jsat. In cases in which anode erosion is present, the additional mass injection locally
increases plasma density in a way that the integrated value of j over the anode surface,
i.e. of Jsat, is increased by an amount sufficient to have Jsat > JPFN, thus resolving the
starvation. The results presented by Uribarri have however pointed out that voltage
hash is always present at onset conditions, even when no evident damage of the anode
occurs because of its particular thermal properties, so that additional mass injection
by anode erosion cannot be the ultimate answer.
Saturation, i.e. thermal, current density only depends on plasma density and tem-
perature. Our simplified model on current filamentation suggests, as it is physically
coherent, that the plasma density only gets redistributed over the anode surface in
concentration (spot) and rarefaction regions, but leaving the integral value unchanged.
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This implies that the increase of Jsat must be traced back mainly to an increase of the
plasma temperature. We argue that this role is played by ohmic dissipation. The
general picture is the following: when the current is saturated, the anode sheath volt-
age increases while at same time the azimuthal instability creates current filaments;
the current concentration enhances local ohmic heating, thus increasing the plasma
temperature and then Jsat. As soon as the total saturation current exceeds the im-
posed current, the voltage suddenly decreases to its equilibrium value, until the act-
ing filaments (together with the associated enhanced plasma heating) are destroyed by
the previously discussed mechanisms and the current gets saturated again, making the
electrical interaction re-start. As the local ohmic dissipation scales as n2 (apart from
the weak dependence of plasma resistivity on temperature), and since Uribarri and
Choueiri (2009) estimate the excess current Je ∼ 10− 100 A, i.e. a 10−3 − 10−4 portion
of the mean current value, it is plausible that ohmic dissipation is the responsible for
the increase of plasma temperature in the filaments, and then of the total saturation
current.
3.4.3 Similarities and differences between voltage oscillations
The presence of two possible voltage hash regimes, actually two different types of volt-
age fluctuations, requires the necessity to detect differences in the associated voltage
oscillations. While at high J2/m˙ levels, i.e. in the filamentation-saturation regime, the
amplitude of the voltage fluctuations is on the order of several hundreds of volts (see
Fig.(3) of (Uribarri and Choueiri, 2009)), the estimate made at the end of Sec.(3.4.1)
indicates that in the filamentation regime their amplitude should be smaller.
On the left size of Eq.(3.4), the second order time derivative and the squared first
order time derivative of the axial component of the magnetic field appear. This means
that the instability phenomenon can be seen as a driving source for the previously
cited differential terms. Taking the thruster current as constant, from Eq.(3.13) it fol-
lows that the oscillating part of the thruster inductance in the filamentation regime is
proportional to the time derivative of B2z , i.e.
dL
dt
∝
dB2z
dt
'
∫ d2B2z
dt2
dt = 2
∫ [
Bz
d2Bz
dt2
+
(
dBz
dt
)2]
dt .
Inductance oscillations are then proportional to the integration in time of both the
second order time derivative and the squared first order time derivative of Bz. If we
assume that the dynamics of current filaments are essentially random, and then the
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differential terms of Bz previously cited are of the same nature, it follows that even
in the filamentation regime voltage oscillations are proportional to the integration in
time of a random signal, i.e. they should share similar spectral properties with voltage
oscillations in the filamentation-saturation regime. This could be the reason why the
1/ f β pattern in the power density spectra of voltage oscillations is practically almost
the same across all the different J2/m˙ levels investigated by Uribarri
(
Uribarri (2008),
pp. 46-47
)
.
The fundamental difference between these oscillations should be in their sign. While
voltage fluctuations in the filamentation-saturation regime can lead only to an increase
of thruster voltage above its mean value, by means of anode sheath charging (the
capacitive voltage fluctuations are much bigger than the inductive ones), inductance
oscillations can move the thruster voltage both up and down its mean value. Although
Uribarri and Choueiri claim a J2/m˙ ' 60 kA s g−1 value for the inception of noticeable
voltage hash (Uribarri and Choueiri, 2009), the data they report in the same reference
(which we reproduced in Fig.(2.11)) present relatively small values of the standard
deviation and skewness of the fluctuations at least up to J2/m˙ ' 80 kA s g−1. This
means that in this range of J2/m˙ values the voltage fluctuations are smaller than those
at higher levels of the driving parameter, and in addition they have no preferential
sign, i.e. these oscillations both increase and decrease the thruster voltage above and
below its means value. These could be the footprints of a regime similar to what we
call here filamentation regime. Also the presence of small (amplitude less than ∼ 102
V) negative fluctuations at even higher J2/m˙ levels (Fig.(3) of Uribarri and Choueiri
(2009)) can only be explained by the presence of inductance fluctuations of the type
we have previously described.
3.5 Passive stabilization method
In Sec.(2.4.2) we have described a possible solution meant to stabilize the plasma flow
against the inception of kink mode instabilities by inserting insulating plates in the
acceleration channel. We have seen in Sec.(3.2) that one of the reasons which lead to
the current filamentation instability is the fact that the axi-symmetry breaking actually
frees an additional degree of freedom for the plasma flow, the azimuthal one. It is
then worth to analyze if such a solution, which basically tends to lock the azimuthal
motion of the flow, is at least theoretically effective in providing a passive stabilization
of the flow against the symmetry breaking and the plasma filamentation. In addi-
tion, the application of this passive stabilization technique to SF-MPD thrusters does
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not modify the structure of the equilibrium discharge, as in the axi-symmetric equi-
librium configuration none of the vector quantities (i.e. plasma current and velocity
and electromagnetic fields) has a component along θ. The channel is then divided
into separated sub-channels by the plates, diminishing the effective length along the
transverse (azimuthal) direction.
Here we present some calculations aiming at providing some basic information
about the effectiveness of this technique in preventing the previously cited phenom-
ena. These calculations are based on a linear stability analysis of the flow, making use
of the same simplifying assumptions as in Sec.(3.2).
The starting point is again the linearized version of Eq.(3.4)
∂2B
∂t2
=
αkBT
mir2
∂2B
∂θ2
+
µ0e2n0u20
mi
B
(here we put Bz = B for simplicity of notation) the difference from the previous anal-
ysis being that we are now going to solve it with different boundary conditions. Sup-
pose indeed that we insert n plates in the channel of the the thruster. These plates are
supposed to be infinitely thin. On the surface of the plates there can be no azimuthal
component of the flow velocity, and from the expression for velocity given in Sec.(3.2)
we have in the linear regime
v =
1
µ0enu0
∂B
∂t
⇒ v = − iω
µ0enu0
B .
Then the previous equation must not be solved with periodic boundary conditions but
with homogeneous BCs in correspondance of two consecutive plates, i.e.
B(0) = B
(
2pi
n
)
= 0 .
Note that in this case, because of the non-periodic BCs, it is not possible to expand B in
a Fourier series along θ, but only in time, i.e. we will assume that B = B(θ) exp(−iωt).
The linear equation can then be written as
−ω2B = α
τ20
[
∂2B
∂θ2
+
m2∗
α
B
]
; or
∂2B
∂θ2
+
1
α
(m2∗+ω2τ20 )B = 0 , with B(0) = B
(
2pi
n
)
= 0 ,
where use was made of the previously introduced τ0 and m2∗ parameters. With the
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change of variable φ = nθ ⇒ dθ = dφ/n we find
B′′ +
1
αn2
(
m2∗ +ω2τ20
)
︸ ︷︷ ︸
=λ
B = 0 , with B(0) = B (2pi) = 0 (3.14)
which is the harmonic equation but with homogeneous boundary conditions. The
following cases are possible (λ is assumed real):
• λ > 0 ⇒ general solution B = C sin(√λφ) + D cos(√λφ) and it is possible to
satisfy the BCs
• λ = 0 ⇒ general solution B = C + Dφ but it is not possible to satisfy the BCs
(only trivial solution B = 0)
• λ < 0 ⇒ general solution B = C sinh(√|λ|φ) + D cosh(√|λ|φ) but it is not
possible to satisfy the BCs (only trivial solution B = 0).
The only case λ > 0 is then possible, this meaning that if the equilibrium plasma
quantities and number of plates are such that λ ≤ 0, then there cannot be an instability.
The only kind of solutions satisfying the homogeneous BCs is
Bh = Ch sin(hφ) , with h =
√
λ = 1, 2, 3, . . . .
Here we are going to consider only the case of purely imaginary ω with positive
imaginary part, i.e. ω = iγ, with γ ∈ R+, which is the most interesting from the
standpoint of the stability of the discharge.
In this case
λ =
1
αn2
(
m2∗ − γ2τ20
)
.
As it was stated previously, in order to obtain a valid solution, i.e. in order for the
system to be unstable, it must be λ > 0⇒ γ2 < m2∗τ20 , and also λ = h2 , h = 1, 2, 3, . . .,
or
1
αn2
(
m2∗ − γ2τ20
) ≥ 1 .
In order to prevent the inception of the instability we can impose
1
αn2
(
m2∗ − γ2τ20
)
< 1⇒ n2 > m
2∗
α
(
1− γ
2τ20
m2∗
)
.
The previous result shows that a sufficiently high number of plates can effectively
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stabilize the discharge. The worst case, requiring a greater number of plates to achieve
stabilization, is for low-γ modes, just as in the case without insulating plates. In the
limit γ→ 0 it must be
n2 >
m2∗
α
.
Note that being α ' 1, it should be n > m∗. So, as it was in the case of stability
without plates, the important point is to make the parameter m∗ the lowest possible in
the channel, which essentially means to reduce the local plasma current density and to
increase the local plasma number density. In particular, obtaining an almost-constant
axial distribution of the current density in the thruster is of primary importance (and
this would also be preferable to reduce ohmic dissipation in the plasma). To illustrate
this point, we can calculate the minimum number of plates required to stabilize, in
accordance with the previous analysis, a SF-MPD thruster in the following configura-
tion:
• active (current carrying) length: 10 cm
• anode radius: 5 cm
• imposed current 20 kA
• plasma average number density: 1021 m−3
• plasma average density: 2 eV.
Recall that the critical parameter m2∗ can be rewritten as
m2∗ =
µ0 j20r
2
n0kBT
j0 being the equilibrium (homogeneous) plasma current density. It can be verified
immediately that in this case the required number of plates is n = 2. This example
shows that the proposed method is in principle a feasible method to stabilize the
thruster discharge and avoid plasma filamentation, but it requires a proper design of
the entire thruster in order to obtain suitable values of the plasma quantities in the
channel.
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3.6 Conclusions
In this chapter we have proposed a simple model for the stability of a current carrying
plasma in a coaxial geometry similar to that found in typical SF-MPD thrusters with
an extended cathode, i.e. thrusters in which the current pattern is predominantly
radial. It has been shown that an azimuthal instability leading to current filamentation
can occur, which leads to the observed transition from a diffuse to a spotty current
pattern. The steady nonlinear solutions of our model clearly show the strong current
and plasma density concentration resulting from the previously cited instability, thus
offering an explanation for the experimentally observed spotty current pattern.
The stability of the filamented current pattern has been investigated, and both quan-
titative and qualitative information has been drawn which corroborates the hypotheses
on the unstable nature of current filaments in MPD thrusters.
Both our analysis and recent experimental investigations have led us to argue that
two types of voltage fluctuations, and two regimes of voltage hash, can actually exist,
both characterized by current filamentation, but differing in that the thruster cur-
rent can be saturated (filamentation-saturation regime) or not (filamentation regime).
Voltage fluctuations in the filamentation regime should be ascribable to variations of
thruster inductance. In the filamentation-saturation regime, instead, we have argued
that the total saturation current Jsat can be considered as the physical link between the
dynamics of the filamented plasma inside the thruster channel and the mechanism of
anode sheath charging proposed by Uribarri and Choueiri. According to this inter-
pretation, the ultimate responsible for fluctuations of the total saturation current is the
interaction between ohmic dissipation, which gets enhanced during periods of current
filamentation, and the unstable dynamics of current filaments, which tends to destroy
such structures and to decrease plasma heating.
Finally, we have proposed a method to stabilize the thruster behavior, consisting in
the insertion of longitudinal plates in the channel in order to lock the azimuthal degree
of freedom of the flow. We have proved that this method is theoretically effective,
and still it requires a proper design of the thruster in order to be a feasible technical
solution.
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4.1 Summary of main results
The goal of the first part of this thesis was to propose a physically coherent theoret-
ical framework capable of providing an explanation of the phenomena observed at
the inception of the onset regime in SF-MPD thrusters. Despite many partial indi-
cations had already been obtained in the past concerning the driving mechanisms of
this phenomenon, the tight coupling between the dynamics of the plasma, the ther-
mal behavior of the solid components as well as the electric response of the device
makes it extremely difficult to achieve a complete theory which is capable of carefully
describing all the aspects of the onset regime.
First, an extensive review of the many decades of research efforts on the topic has
been undertaken, in order to provide a general picture of the onset phenomenology as
well as of the different theoretical attempts made to clarify its underlying mechanisms.
A result of this investigation has been to highlight the role of the thruster configuration
on the behavior of the thruster during onset, specifically in terms of plasma dynamics
and electrical response of the thruster.
Specific issues emerging from the recent work of Uribarri have then been tackled. By
adopting a simplified model for the equilibrium configuration in SF-MPD thrusters,
preforming a linear stability analysis we have been able to show for the first time that
such devices are prone to develop an instability which tends to break the azimuthal
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symmetry of the flow. The following analyses have shown how this instability natu-
rally tends to generate a filamentary structure in the plasma, providing again for the
first time an explanation of one of the fundamental phenomena associated to onset,
that is the formation of the anode spots.
By studying the dynamic properties of the plasma filaments emerging from the
nonlinear development of the current filamentation instability, we have provided an
explanation for the coupling between the dynamics of the plasma flow and the ob-
served fluctuations of the thruster voltage, showing that they can be of both inductive
and capacitive origin. The fundamental role played by the saturation current has also
been clarified, and the different possible regimes of non-axi-symmetric behavior of the
thruster have been described.
We can conclude that the results provided by this investigation offer a complete
picture where practically all of the experimentally observed phenomena related to the
onset regime find a coherent physical explanation.
4.2 Future perspectives
4.2.1 Theoretical investigations
Although very promising, the results obtained here have still to be confirmed by more
detailed investigations. The plasma flow in MPD thrusters are so complex that any
further attempt to obtain fundamental indications of the thruster behavior, at the in-
ception as well as after the breaking of the axi-symmetry, seems to be an impossible
mission by using semi-analytic techniques such as those employed in this work. As de-
scribed in the following Appendix A, these techniques allow us to find axi-symmetric
equilibria in two dimensions (r,z) only in the zero pressure limit, even in the simplest
geometrical configurations.
On the other hand the picture offered by our work implies that the coupling be-
tween the dynamics of the plasma and the voltage fluctuations is actually at least
a two-dimensional problem, as the azimuthal coordinate has to be included in the
analysis in order to study the symmetry breaking and the axial coordinate is needed
as well in order to allow for the axial transport of the filaments outside of the main
plasma volume. Moreover the phenomenon is strongly time dependent. These con-
siderations make clear that the future theoretical steps in the investigation of the onset
phenomenon will most likely have to rely on purely numerical calculations, but also
that these attempts are going to be extremely challenging from the computational
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standpoint.
4.2.2 Stability-oriented indications for thruster design
In general terms, our investigation points at two main aspects affecting the stability
of the SF-MPD thruster: in order to achieve better stability properties we have (1) to
design our thruster in order for the plasma density in the vicinity of the anode to be
as high as possible (in all the operative conditions foreseen for the device) and (2) to
lock the azimuthal degree of freedom of the plasma flow in the acceleration channel.
The second point becomes necessary in order to cope with the possible (and prob-
able) situation in which at high values of the J2/m˙ ratio the pinching effect in the
plasma tends to lower the particle density near the anode at such levels that condi-
tions for the inception of the azimuthal instability are fulfilled. The implementation
of a passive stabilization method such as the one proposed in this work could also
provide an indirect confirmation of the results here obtained.
For what concerns the first point, i.e. the anode starvation problem, we have seen
that the indications concerning the propellant choice and its injection strategy, as well
as the favorable role played by the presence of an extended cathode, although useful
seem not to offer an ultimate solution. In this regard an alternative solution which
we see as promising might come from a plasma accelerator configuration, known as
Quasi-Steady Plasma Accelerator (QSPA), proposed by the leading Russian plasma
scientist Alexey I. Morozov in the late 80’s, to which the next section is dedicated.
4.2.3 Transparent electrodes and the QSPA
The concept of Quasi-Steady Plasma Accelerators emerged as a result of an earlier
research effort which started in the former USSR in the 60’s, and which aimed at
developing efficient, stable and durable plasma sources to be used as injection stages
for nuclear fusion plants. The original designs of these devices were basically identical
to what we know as coaxial SF-MPD thrusters.
In his review paper on the topic, Morozov (1990) describes the major issues faced
during the early development stages of these devices. Despite the different termi-
nology, it is evident that the problems he describes are basically the same as those
encountered at the inception of the onset regime in MPD thrusters:
• anode current crisis: this is basically the same phenomenon which is known as
anode crisis, which basically involves the formation of a low-density region near
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the anode surface, the generation of strong anode potential falls and a spotty
current attachment to the anode
• ionization region instability: concerning this point, Morozov states that the re-
gion where most of the propellant ionization takes place is extremely narrow,
and that this behavior generates many instabilities in the plasma flow, both ro-
tational and longitudinal. Choueiri and Okuda (1993) have also pointed out the
fact the the ionization zone is usually very narrow, proposing the presence of a
high-energy population in the electron distribution function.
• intense electrode erosion, which tends to hinder both the stability and the effi-
ciency of the acceleration process.
As we have seen, in the literature on MPD thruster onset the anode crisis is usually
attributed to the Hall effect and to the associated pinching component of the Lorenz
force. Morozov shows that this is indeed a fundamental characteristic of E×B plasma
accelerators with solid equipotential electrodes, due to the different motion of elec-
trons and ions. If we resort to a single particle description, in a SF-MPD thruster the
charged particles drift with the following velocity
v = vE +
1
2
mv2⊥
qB3
B×∇B (4.1)
q being the particle electrical charge , m their mass and
vE =
E× B
B2
the drift velocity in homogeneous crossed fields. The second term in Eq.(4.1), called
grad-B drift, being proportional to the particle mass is practically negligible for elec-
trons, which will essentially move along equipotentials, but it is not for ions, which
will tend to drift towards the cathode. This leads to the formation of an ion-free charge
separation region where strong potential falls take place, as shown in Fig.(4.1).
If we want to keep using equipotential electrodes, the only possible solution to the
violation of quasineutrality in the vicinity of the anode is then to devise a strategy
for ion injection through the anode, which leads to the concept of transparent electrodes.
Here it is obviously not intended a material transparency, but it is meant a design
which allows for a plasma flow configuration in which the anode is effectively an ion-
emitting surface with respect to the acceleration channel. How this can be practically
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Figure 4.1: Formation of an ion-free region in a crossed-field accelerator with solid
equipotential electrodes.
achieved is described later on. What is important to remark here, is that by resorting
to this approach, a new regime is automatically found in which the ions carry a non-
negligible fraction of the current in between the anode and the cathode, which we call
an ion-current transport regime. Three different ion fluxes can then be distinguished,
as shown in Fig.(4.2), which allow for a smooth acceleration of the plasma in the
thruster channel without inducing anode starvation.
Two are the major technical requirements in order to implement Morozov’s con-
cepts: the design of a multi-stage device with a first ionization stage and the design of
what he calls electrode transformers.
The presence of a first ionization stage which provides a fully ionized plasma stream
is necessary both to decouple the ionization region (which can possibly trigger insta-
bilities in the plasma flow) from the main acceleration channel and to provide to the
second stage the different ion subfluxes previously described. In QSPA this is realized
by making use of two sets of ionization chambers: the main ionization chambers inject
the plasma into the main channel, while the anode ionization chambers provide the
anodic ion subflux.
The second requirement concerns the necessity of designing a system of electrodes
which is capable to switch from an ion-current transport in the plasma to an electron-
current transport in the outer electrical circuit. For the anode, this is realized by
creating a so called magnetic emitting surface, a separatrix magnetic surface (B = 0)
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Figure 4.2: Formation of different ion subfluxes in the ion-current transport regime.
(a) anode subflux; (b) main subflux; (c) cathode subflux.
around the anode transformer along which the anodic ion subflux which emerges
from the anode ionization chambers can spread towards the acceleration chamber.
Inside the anode transformer there are so-called switching electrodes which collect the
electrons in the plasma stream from the anode ionization chambers and send them
to the external circuit. Analogous concepts are implemented for the cathode, i.e. the
ions forming the cathode subflux are accepted by a magnetic collecting surface along
which they recombine with the electrons generated inside the cathode transformer
by the so-called cathode emitters, i.e. a series of needle-type electrodes. The magnetic
emitting and collecting surfaces are both generated by the currents carried by the
main electrodes as well as by additional electrical circuits which allow for proper
shaping of these surfaces. A secondary task fulfilled by these magnetic surfaces is
indeed to provide sufficient magnetic shielding in order to protect the solid parts of
the electrodes from the high-energy plasma streams.
An implementation of a QSPA is illustrated in Fig.(4.3). The plasma streams pro-
duced by the main ionization chambers (7) are injected in the drift channel (6) where
they homogenize azimuthally before entering the main acceleration channel. The
plasma streams produced by the anode ionization chambers (5) are injected along
straight lines which lie on the anode magnetic emitting surface produced by an ad-
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Figure 4.3: Scheme of a Quasi-Steady Plasma Accelerator. (1) Anode transformer.
(2) Anode collector. (3) System of electric conductors used to shape the
magnetic emitting surface. (4) Cathode transformer. (5) Anode ionization
chamber. (6) Drift channel. (7) Main ionization chambers. (8) Cathode
transformer bars. (9) Cathode emitters (from (Morozov et al., 1992)).
ditional system of electric conductors (3): the electrons in these plasma streams are
collected by the anode collector (2) and sent to the external circuit, while the ions
spread axially and azimuthally along the separatrix surface and enter the acceleration
channel. The anode collector (2) and the additional conductors (3) form the anode
transformer (1). The cathode transformer (4) consists of a set of shaped bars (8) which
create a constriction in the acceleration channel in order to allow for smooth accelera-
tion through the magnetosonic point of the flow and by a set of cathode emitters (9),
emitting the electrons which neutralize the cathodic ion-subflux. The scale of these
devices is one order of magnitude bigger than the usual scale of MPD thrusters, i.e.
the anode transformer diameter is around half a meter, and the length is about 2 me-
ters. The operational parameters are accordingly higher, e.g. the operational current
is in the order of hundreds of kA.
What is most interesting about QSPA, is the fact that they have demonstrated very
promising performances. In Fig.(4.4) we report the experimental results obtained by
Chebotarev et al. (1995) on a QSPA operated with hydrogen at optimal operational
conditions (i.e. optimized ratio of mass flows between main and anode ionization
chambers, optimized ratio of power to the main acceleration circuit and to the ion-
ization circuits, etc.) as a function of the discharge current. The data concerning the
thrust efficiency are particularly interesting, being comprised between 60% and 80%,
values definitely higher than the usual numbers obtained with MPD thrusters. Stream
velocities up to 105 m/s have been reported.
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Figure 4.4: Performances (at optimal operational conditions) of a hydrogen-fed QSPA
jointly designed by the Kharkov Institute (Kiev, Ukraine) and the Kurcha-
tov Institute (Moscow, Russia) (Chebotarev et al., 1995): (1) terminal volt-
age, (2) thrust efficiency; (3) thrust.
Despite the greater complexity of the system with respect to standard designs, it
is clear that the QSPA concept is able to provide possible technical solutions to the
problems faced in the operation of MPD thrusters. It is reasonable to believe that
at least a simplified version of the transparent transformer electrodes proposed by
Morozov could be scaled down to usual MPD thruster scales. The choice of mini-
MPD thrusters as ionization chambers, although possible, is probably too involved to
scale down. An attracting alternative could come from a completely different plasma
source, such as the annular helicon plasma source which is the topic of the second part
of this work. As we shall see, helicon sources have shown to be much more efficient
in terms of ionization with respect to both DC discharges and standard capacitive or
inductive radio-frequency sources.
4.3 Final remarks
Despite the apparent simplicity of the working principles of MPD thrusters, their ten-
dency to enter a strongly unstable operating regime makes them unsuitable for space
qualification. Although not being the only limitation of this class of electric propulsion
devices, many of them being strictly of technological nature, the onset phenomenon is
surely a stopper for any future attempt to adopt them for space propulsion applica-
tions.
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We hope that with this work we further contributed to point out the physical com-
plexity behind this regime and to provide some new hints about its physical nature
and the directions to follow in order to tackle it. We realize this is not easy, as many
decades of investigations on this topic have not produced the improvements which
researchers were looking for.
The specific literature demonstrates how almost each and every single research
group has followed his own research path, either trying to demonstrate basic results
on the operation and stability of this kind of devices or in an attempt to provide a
working prototype ready for in-space testing, and that only in a few cases the research
efforts overlapped. Trying to put together all the results achieved in the six decades
of MPD thruster research has proved extremely challenging not just for the wealth of
work which has been produced, but even more for the fact that many times each work
is relevant to a basically different device, although they all share the name magneto-
plasdynamic thruster. The major negative impact of this attitude is, in our opinion, the
fact that it is almost impossible to talk about MPD thrusters without having to resort
to the description of at least a handful configurations with deeply different behavior
in terms of plasma parameters, electromagnetic field topology, operating voltages and
so on. This has led to an evident lack of common efforts and sometimes even of shared
understanding of the various mechanisms involved in the operation of these thrusters.
Many times it is absolutely not clear how, or even if, the results obtained by one group
on a certain thruster configuration may be extrapolated to different configurations.
Although it might seem an overstatement, we believe that the lack of a shared and
guided development effort on a common thruster configuration has contributed to the
unsatisfactory outcomes of this line of electric propulsion research.
Nowadays MPD thruster research is unfortunately confined to the corners of elec-
tric propulsion activities, having been surpassed by much better performing devices,
mainly Hall and Ion thrusters. It is not clear at this point if these devices will ever
receive again the attention they did in the past. We believe that if this will be the case,
the only possibility to find effective engineering solutions to the almost overwhelming
issues affecting these devices will be to share among different laboratories worldwide
a common research and development path.
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PART II
PLASMA GENERATION IN ANNULAR
HELICON SOURCES

5
Basics of helicon plasma
sources operation
5.1 Introduction
The operation of any electric propulsion device relies on the efficient generation of
a plasma inside the acceleration chamber. The overall performance of the thruster is
directly affected by how efficient is the process of ionizing the neutral propellant. Two
figures of merit are commonly introduced to measure the effectiveness of this process,
respectively the mass utilization efficiency
ηm =
m˙i
m˙
here written for the case in which only singly ionized atoms are present, being m˙i the
ejected ion flow rate, and the so called ionization cost ε i, defined as the average energy
required to ionize one neutral atom of propellant and usually expressed in terms of
eV/ion. The first quantity accounts for the ionized versus non-ionized propellant and
should be as close to unity as possible in order to reduce the fraction of propellant
which does not take part into the electromagnetic acceleration phase. The second
quantity provides an indication of which fraction of the input power has to be spent
in the ionization process, and which cannot be consequently employed to enhance
the kinetic power of the jet. It can be shown that these parameters directly affect the
overall thrust efficiency of the thruster (Hofer and Jankovsky, 2001; Goebel and Katz,
2008).
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The mass utilization efficiency and the ionization cost are theoretically independent
quantities. We can think about an ideal device which is fed with a gas mixture a small
fraction of which is constituted by a gas with a very low ionization energy, while
the remaining gas has a very high ionization energy. In this case it is reasonable to
believe that the small portion of the first gas will be almost completely ionized while
the second gas will exhibit a very small ionization fraction: the resulting overall mass
utilization fraction would be very low (as only the very small portion with the lower
ionization energy will be ionized) although the ionization cost per ion produced is very
low. It is important to note here that the ionization cost is obviously always greater
than the theoretical ionization energy of the single atom, as it depends strongly on the
efficiency of the mechanism which lies behind the ionization events at the microscopic
level. We shall return to this point later.
The one just described is obviously an ideal experiment which is meant to make
clear the difference between the two quantities previously introduced. The ideal goal
would be to operate the thruster at both high values of the mass utilization efficiency
and low values of the ionization cost. As shown by Goebel and Katz (2008), these
two parameters are however not completely independent from each other. In the
range of low mass utilization efficiencies, i.e. when the overall ionization fraction of
the propellant flow is low, the neutral gas pressure inside the thruster is very high
and the plasma parameters (mainly the electron temperature) do not vary much with
slight changes in the ionization fraction, i.e. the ionization cost is almost constant.
As the propellant ionization fraction gets higher, the neutral pressure is lowered and
the electron temperature tends to increase, which leads to an associated increase of
the intrinsic losses in the device, thus leading to a higher ionization cost (Goebel and
Katz, 2008).
The ionization and acceleration phases may or may not be separated. In Gridded Ion
thrusters and Helicon Double-Layer thrusters the mechanisms which lead to plasma
generation are usually decoupled from the mechanisms responsible for the ion acceler-
ation. The situation is different for Hall effect and MPD thrusters, in which the plasma
currents which create the electromagnetic forces to be exploited for the acceleration of
the charged particles are also in charge for the ionization of the propellant. In recent
years the concept of staging in electric devices has been gaining momentum. As antic-
ipated, Gridded Ion thrusters constitute a standard example of this class (Goebel and
Katz, 2008), another interesting concept can be found in the work of Peterson (2003) on
the hybrid NASA−173GT Hall−ion thruster developed by the University of Michigan
and NASA Glenn Research Center. Another recent implementation is the VASIMR
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rocket (Chang-Diaz, 2001).
Two are the main potential advantages offered by generating the plasma in the
thruster with a dedicated stage. First, a dedicated plasma generation source could be
optimized to operate efficiently in the range of parameters required by the successive
acceleration stage, thus increasingly the overall efficiency of the engine. Second, the
independence of the plasma generation phase from the acceleration one could enable
designers to widen the operational envelope of the thruster in terms of driving pa-
rameters, specifically the thrust and power levels as well as the specific impulse, and
even allow for multi-mode operation. Goebel and Katz (2008) show that the thrust
efficiency of an electrostatic thruster, such as a Hall thruster, is equal to
ηT = ηmγ
2ηe
in which the plume divergence coefficient γ and the electrical efficiency of the device
appear, the last one defined as
ηe =
Pb
Ptot
=
IbVb
IbVb + Po
that is the ratio between the beam power (product of beam voltage Vb and beam
current Ib) and the total power of the device, which includes both the beam power
and other power contributions Po required to generate the beam, the main ones being
those for the ionization of the neutral propellant and the one to generate the current
of the neutralizer cathode. The expression for the thrust efficiency can then be recast
in the following form
ηT =
ηmγ
2
1+ (ε i +Vn)/Vb
where Vn is the neutralizer coupling voltage. This expression shows the direct effect
of the mass utilization efficiency and of the ionization cost on the overall efficiency
of the device, this being especially relevant for high-thrust-to-power operation, which
requires lower discharge voltages and higher ion flow rates. In addition to the cited
work of Peterson (2003) on the NASA−173GT Hall−ion thruster, the concept of stag-
ing has also been proposed for Hall effect thrusters in other works (Hofer et al., 2001;
Jankovsky et al., 2001) by making use of either segmented anodes or additional elec-
tron emitters in order to decouple the ionization from the acceleration process.
In the past years a new type of plasma source has undergone an extremely fast
diffusion first in the plasma technology and then also in the electrical propulsion com-
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munity, the so called helicon plasma source. As we shall see in the following sections, the
reasons for such a broad and fast spreading are the evident simplicity of the setup of
these sources and the much higher performance in terms of ionization efficiency with
respect to other plasma generation devices, which makes this technology capable to
potentially meet the ionization requirements of plasma thrusters, with a typical value
of the produced plasma number density in the order of 1018 m−3 and an ionization
cost only a few times the theoretical ionization energy of the propellant atoms.
In this chapter we provide an overview of the basic operation of helicon plasma
sources, starting with a short description of the different classes of available plasma
generation devices. Particular focus will be put on the description of helicon wave
propagation and on the mechanisms which have been put forward to explain the
extremely high ionization efficiency of these devices.
5.2 Classification of plasma sources
The description of the different kinds of plasma sources that follows is based on the
work of Lieberman and Lichtenberg (1994).
5.2.1 DC glow discharges
The most common kind of direct-current (DC) plasma sources are the so called DC
glow discharges (other examples are thermionic and hollow cathodes). This kind of
devices usually consists of two electrodes immersed in a gas-filled tube through which
a DC current is forced to pass by an external power source. Despite its simplicity, the
DC glow discharge presents quite a complex structure composed by a succession of
layers with profoundly different behaviors both in terms of local plasma parameters
and of the electrical potential variation. It is found that, at equilibrium, the gas ioniza-
tion takes place almost uniquely in the cathode and is driven by a cascade of secondary
electrons (Townsend regime) produced by the impact of energetic ions on the cathode
itself. As during the transient breakdown phase the entire discharge takes part in this
process, which requires a much higher voltage than the equilibrium one (until the
equilibrium structure of the discharge is attained), this kind of plasma sources shows
a distinct hysteresis of the electrical characteristic.
The discharge is maintained by a balance of the input power and the various losses,
both of collisional and diffusive nature. Typical current levels for these sources are in
the range 10−3 − 100 A, with current densities in the range 10−5 − 10−3 A/cm2, while
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the operating voltage is in the order of a few hundreds of volts. The operating pressure
is usually in the range 10−2 − 101 Torr, with attainable electron number densities in
the positive column in the order of 1016 m−3 (Granda-Gutierrez et al., 2008).
5.2.2 RF plasma sources
In radio-frequency (RF) plasma sources the electrical power is transmitted to the ion-
ized gas by means of the interaction between the electromagnetic fields created by
RF-driven electrodes or antennas and those created locally in the plasma, which ef-
fectively behaves in general as a non-homogeneous, anisotropic medium. Because of
this interaction, the actual coupling mechanism not only depends on the specific setup
of the system, but exhibits a strong dependence on the actual plasma parameters, the
most important of which is the electron number density. Three main coupling mech-
anisms can be distinguished which give rise to the different RF plasma sources to be
described in the following: the capacitively coupled plasmas (CCP), whose coupling
mode is commonly named E-mode, the inductively coupled plasmas (ICP), whose cou-
pling mode is labeled H-mode, and finally the wave coupled plasma, whose coupling
mechanisms is labeled W-mode.
The main differences between the different coupling modes lie in the physical mech-
anisms by which the RF electrical power is transferred to the free electrons in the
plasma. Ions do not usually take part in the direct absorption of the externally sup-
plied power because of their much bigger inertia, which does not allow them to re-
spond quickly to the externally imposed electromagnetic fields, while they are ener-
gized via collisions with electrons. While some specific designs do not allow to cover
the entire spectrum of coupling modes, many others can and actually do operate in all
of the previously mentioned modes, which one depending on the driving parameters
of the system, i.e. RF power, external magnetic field, applied frequency, gas pressure.
It is not unusual indeed to observe even abrupt jumps from one coupling mode to
another (Cheetam and Rayner, 1998; Ellingboe and Boswell, 1996).
A fundamental plasma parameter which concurs in determining what kind of cou-
pling mechanism may take place between the plasma and the RF source is the plasma
skin depth
λ =
c
ωpe
c being the speed of light and ωpe =
√
(nee2)/(e0me) the electron plasma frequency.
Analogously to what happens for ordinary electrical conductors, the plasma skin
- 99 -
5 Basics of helicon plasma sources operation
depth is a measure of the effectiveness of the plasma in shielding external time-varying
electromagnetic fields, and is obviously directly proportional to the plasma conduc-
tivity.
Capacitive coupling
Capacitive coupling takes place when the plasma density is so low that the plasma
skin depth is much larger than the typical dimensions of the source. Under these
conditions, the externally generated RF fields cannot be shielded out by the plasma,
since the plasma conductivity is too low to generate sufficient shielding currents, and
strong capacitive voltage differences are created between the surfaces of the electrodes
immersed in the discharge and the quasi-neutral bulk plasma. These oscillating volt-
ages lead to the generation of oscillating sheaths through which all the external power
is deposited.
Two are the mechanisms of power transfer to the free plasma electrons, i.e. joule
heating and stochastic heating. Joule heating comes from the ionizing collisions be-
tween the electrons, which respond quickly to the external electromagnetic fields, and
the neutral particles. Stochastic heating accounts for the power transfer to the electrons
which "bounce" on the oscillating sheath edge, thus gaining kinetic energy in the same
way an elastic ball gains energy by hitting a moving wall. This mechanism can also
be pictured in terms of a displacement current flowing in the sheaths, which in turn
presents an equivalent sheath resistance. At the low pressures typical of CCP, ohmic
heating is negligible with respect to stochastic heating, and at higher pressures most
of the ohmic heating occurs at plasma edge. Common applied RF voltages are in the
range of several hundreds volts, and typically attainable electron densities are in the
order of 1015 − 1017 m−3 (Lieberman and Lichtenberg, 1994).
Capacitive discharges usually present the RF-driven electrodes immersed in the
plasma, although it is also possible to have capacitive coupling between a plasma
and an external antenna separated by a dielectric wall. This is the case, for example,
right after the ignition of inductively- or wave-coupled discharges, as the plasma den-
sity at that point is still too low to allow for an effective shielding of the external RF
fields.
Inductive coupling
Inductive coupling arises when the plasma skin depth is lower then the typical trans-
verse dimensions of the source so that effective shielding of the external electromag-
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netic fields can be achieved. In this case, indeed, the plasma conductivity is sufficiently
high that, by Faraday’s law, the imposed oscillating electric fields induce currents in
the plasma which mediate the power deposition by means of ohmic heating. In induc-
tively coupled sources the system consists of an external antenna which is separated
from the plasma by means of a quartz window. The amplitude of the induced current
decreases exponentially from the plasma boundary towards the inner region, over a
length scale in the order of the skin depth.
As it happens in capacitively coupled discharges, ohmic heating is not the only
mechanism of power deposition. There is a second, collisionless mechanism which is
basically very similar to the stochastic heating previously described, but which takes
place when electrons "collide" with the oscillating inductive electric fields before get-
ting thermalized in the bulk region. The much lower voltages across the sheaths and
the presence of the induced currents allow for about a tenfold increase in the achiev-
able number densities, common values being in the order of 1016 − 1018 m−3. This
remarkable improvement of the ionization efficiency comes mainly by the reduction
of the sheath voltages, as in capacitively coupled plasmas the high-voltage sheaths
basically act as power sinks, since a major portion of the input power is converted into
direct acceleration of the ions (ion energies are indeed much lower in ICP).
Wave coupling
If proper conditions are satisfied, the waves generated by an external antenna can
propagate inside a plasma, where they accelerate the free electrons which can then
ionize the neutral gas. The mechanism which is most commonly employed in order
to allow the penetration of the electromagnetic fields into the plasma consists in the
superposition of an external DC magnetic field, which modifies deeply the dielectric
properties of the plasma and opens up frequency ranges useful for wave propagation.
It is also important to note that the application of the external DC field makes the
plasma strongly anisotropic. Typical values of the applied field are in the order of 10−
103 G. Since in the conditions described here the electromagnetic waves can propagate
inside the bulk plasma, a much more uniform power deposition should occur with
respect to both CCP and ICP sources.
In order to understand the mechanisms of wave propagation and power absorption,
it is worth recalling the basic properties of the propagation of electromagnetic waves in
a plasma, limiting our discussion to the case of cold plasmas, i.e. plasma in which the
particle temperature is sufficiently low for the gasdynamic effects (pressure, viscosity)
to be considered negligible.
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In the simplest case in which no external magnetic field is present, the plasma re-
sponse to an incident electromagnetic wave basically depends on the ratio between
the period of the oscillating wave fields and a the characteristic inertial time scales of
the plasma, i.e. characteristic times which only depend on the masses of the particles.
This information is carried by the so called particle plasma frequency, defined as
ωp =
√
nq2
e0m
and is different for different plasma species, being n, q and m respectively the num-
ber density, electric charge and mass of the specific species. For electrons in typical
laboratory plasmas, this frequency lies in the range of microwaves. For ω  ωpi,ωpe,
respectively the wave frequency and the ion and electron plasma frequencies, both the
electrons and ions can react quickly to the change of electromagnetic fields and effec-
tive shielding of the external wave will occur (Debye shielding in the electrostatic case),
i.e. the plasma is said to be opaque to the electromagnetic radiation. In the opposite
case, ω  ωpi,ωpe, neither the electrons nor the ions are able to respond quickly to the
oscillating fields of the incident wave, so that no shielding can occur and the wave can
propagate through the plasma, which in this case acts as a transparent medium for
the incident radiation. The situation just described helps us to introduce an important
concept in the study of wave propagation, i.e. the cutoff, which occurs across a spe-
cific frequency at which a net distinction of the propagation behavior occurs. Passing
across a cutoff frequency, e.g. by decreasing the wave frequency from ωpe < ω to
ω < ωpe, the wave is first propagating but then becomes evanescent, i.e. the amplitude
of the oscillating fields decays exponentially across the plasma over a characteristic
length (the Debye length in the electrostatic case). Two things are important to notice.
First, evanescent waves are such not because of any absorption mechanism, but for the
very dielectric properties of the medium they pass through. Second, in an inhomoge-
neous plasma, as the plasma frequency is a local property, it is possible to find regions
of wave propagation and region of wave evanescence in the same plasma volume, the
cutoff occurring at places where the local plasma parameters are such that the local
electron plasma frequency is equal to the local wave frequency.
As anticipated, the superposition of an external DC magnetic field B0 leads to pro-
found modifications of the plasma response. Physically, the presence of the external
field modifies the trajectories of the charged particles, whose motion in this case can
be seen in first approximation as a composition of an average E× B0 drift motion and
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of an oscillation around the magnetic field lines. This characteristic cyclotron motion
also leads to the emergence of a new characteristic frequency of the plasma response,
i.e. the cyclotron frequency
Ωc =
qB0
m
which is again different for different species. It is well known that the oscillating
fields associated to an electromagnetic wave can be decomposed into two counter-
rotating components, which lead to the definition of two distinct polarizations, right
(R) and left (L), according to the direction of rotation of the associated electric field
with respect to the direction of wave propagation (Jackson, 1998). It is clear that in a
situation in which the charged particles gyrate around the field lines, if the frequency
of the propagating wave is equal to the gyration frequency a net energy transfer from
the wave to the particles can take place. This situation is named resonance.
In wave-coupled sources, the propagation and absorption of electromagnetic waves
are exploited to energize the free electrons and then ionize the neutral gas. The
most important kinds of discharges in this class are the electron cyclotron resonance
(ECR) sources, helicon sources and surface wave discharges, and in all cases both colli-
sional and collisionless power absorption mechanisms are at play. In ECR and helicon
sources the oscillating fields can propagate into the bulk plasma, but ECR sources
require much higher frequencies and DC magnetic field levels than helicon sources,
typically 1 GHz vs 10 MHz and 1000 G vs 100 G. In surface wave discharges, which
do not require an external DC field, the waves do not penetrate the bulk plasma but
propagate along the boundary between the plasma and the dielectric container, and
in these sources very high aspect ratios (length over radius) are required for efficient
power absorption.
In the following sections we will describe in details the operating principles of he-
licon sources, which are the main topic of the second part of this thesis. In order to
understand how helicon waves fit into the broader picture of plasma oscillation modes,
we first start with the analysis of basic wave propagation in cold plasmas.
5.3 Wave propagation in unbounded cold plasmas
5.3.1 The problem
Although alternative (and equivalent) procedures are possible, in this section we fol-
low the approach of Stix (1992) and use is made of the CGS system of units. In
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accordance with this approach, the cyclotron frequencies are considered as algebraic
quantities in this section, i.e. they are positive for positively charged particles and vice
versa.
The study of wave propagation, and generally speaking of oscillation modes, in
any physical system consists in finding nontrivial solutions to a set of homogeneous
equations. The path to follow to obtain this set of equations is the following. First,
a proper and closed set of governing and constitutive equations is chosen to describe
the system. Second, an equilibrium solution is subtracted to the system in its general
form, and an assumption is made on the magnitude of the remaining quantities, which
are assumed to be small with respect to the equilibrium ones. This assumption allows
us to linearize the problem, i.e. to assume that the unknown physical quantities of the
problem can be expressed in terms of oscillating functions of space and time, i.e. that
they can be expressed according to the linear ansatz exp [i (k · r−ωt)], in which i is
the imaginary unit, k is the wave vector of the oscillation while ω is its frequency. The
initial problem is then transformed into a homogeneous problem for k and ω. The
presence of boundary conditions, typical of bounded systems, adds constraints to the
problem. Here we focus on the problem of wave propagation in cold plasmas with an
externally applied DC magnetic field B0.
In the study of wave propagation in cold plasmas, the governing equations which
are taken into account are Ampère-Maxwell’s equation
∇× B = 4pij
c
+
1
c
∂E
∂t
=
1
c
∂D
∂t
which has been written in terms of the electric displacement vector D, and Faraday’s
law
∇× E = −1
c
∂B
∂t
.
The electric displacement is put in relation with the electric field by means of a dielec-
tric tensor e:
∂D
∂t
= e · ∂E
∂t
=
∂E
∂t
+ 4pij .
In order to close the system of equations, a relation between the electric field E and
the overall plasma current j has to be found. It is easy to realize that in the hypothesis
of a cold plasma, the momentum equation for plasma species s takes the form of the
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single particle momentum equation:
ms
dvs
dt
= qs
(
E +
vs
c
× B
)
which at first order takes the form
ms
dvs
dt
= qs
(
E +
vs
c
× B0
)
and this equation provides us the j(E) relation we were looking for, as the overall
plasma current is just given by the sum of all the charged particle fluxes in the plasma:
j =∑
s
nsqsvs .
By transforming the previous set of equations from the physical space (r, t) to the
Fourier space (k,ω), making use of proper analytical differential relations, and solving
for the electric field vector we obtain the homogeneous-plasma wave equation
k× (k× E) + ω
2
c2
e · E = 0 .
This equation is usually rewritten in terms of the plasma refractive index n = kc/ω,
which is a vector whose magnitude is the ratio between the speed of light and the
phase velocity of the wave vph = ω/k and is directed along k. The plasma wave
equation then becomes
n× (n× E) + e · E = 0 .
This vector equation can be transformed into a set of scalar equations by choosing
a frame of reference in which to study the problem. Here the DC magnetic field
will be taken as directed along the z-direction, i.e. B0 = B0ẑ, n is assumed to lie in
the x-z plane, being θ the angle between n and ẑ, as shown in Fig.(5.1). It is to be
noted that n, k and ω are fixed properties of a certain kind of wave, although the
associated electromagnetic fields are obviously oscillating in space and time. The final
homogeneous problem takes the following form:S− n2 cos2 θ −iD n2 cos θ sin θiD S− n2 0
n2 cos θ sin θ 0 P− n2 sin2 θ

ExEy
Ez
 = 0 (5.1)
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Figure 5.1: Reference system for the study of wave propagation in unbounded, cold
homogeneous plasmas.
where the following quantities have been introduced
S =
1
2
(R + L) ,
D =
1
2
(R− L) ,
P = 1−∑
s
ω2ps
ω2
,
being
R = 1−∑
s
ω2ps
ω(ω+Ωs)
,
L = 1−∑
s
ω2ps
ω(ω−Ωs)
and Ωs indicates the cyclotron frequency of particle species s. Before describing gen-
eral and particular solutions of the wave propagation problem, it is important to re-
mark that in the study of waves in plasmas the two types of circular polarization which
can occur, i.e. right and left polarization, are referred to the rotation of the electric field
with respect to the direction of the background magnetic field and not to the direction
of the wave number vector. It can be verified that for propagation parallel to the back-
ground field, i.e. for θ = 0, the right-polarized wave fulfills the relation n2 = R, while
n2 = L is valid for the left-polarized wave.
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5.3.2 The dispersion relation
Eq.(5.1) is a set of linear homogeneous equations in the unknowns (Ex, Ey, Ez). Non-
trivial solutions to this system can be found by imposing that the determinant of the
matrix of the problem be zero. It can be shown that this operation can be recast in the
following form:
An4 − Bn2 + C = 0
with
A = S sin2 θ + P cos2 θ ,
B = RL sin2 θ + PS(1+ cos2 θ) ,
C = PRL .
From this equation it is possible to obtain the general solution of the wave propagation
problem in cold, unbounded plasmas:
n2 =
B± F
2A
, (5.2)
with F2 = (RL− PS)2 sin4 θ + 4P2D2 cos2 θ.
Some considerations can already be drawn from this result. It shows that given
any set of plasma parameters (number and type of species and the respective physical
properties), driving frequency and DC magnetic field, two waves can coexist if the
plasma is homogeneous and cold. The physical nature of these two solutions depend
nonetheless on the specific plasma configuration. In addition the mathematical de-
scription of the problem in terms of the refractive index offers a quick tool to find out
which are the necessary conditions for either wave cutoff or resonance, which corre-
spond respectively to n = 0 (i.e. the wavelength goes to zero) and to n ⇒ ∞ (i.e. the
wavelength tends to infinity). Negative values of n2, which correspond to purely imag-
inary values of the wave vector, correspond to evanescent non-propagating waves; this
is confirmed by the fact that imaginary values of k provide exponential decay of the
fields as expressed by means of the linear ansatz previously introduced.
Although the mathematical description of the general solution Eq.(5.2) is cumber-
some, the cases of longitudinal (k‖B0 ⇒ θ = 0) and transverse (k⊥B0 ⇒ θ = pi/2)
propagation can be readily obtained.
Here we report explicitly the general dispersion relation for longitudinal propaga-
tion, as it results to be fundamental for the understanding of helicon waves propaga-
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tion. For θ = 0 we then have
P = 0 ⇒ ω2 = ω2pe , (5.3)
n2 = R , n2 = L ⇒ k||c
2
ω2
=
ω2 ±ωΩe +ΩeΩi −ω2pe
(ω±Ωi) (ω±Ωe) , (5.4)
which correspond respectively to a collective non-propagating oscillation at the plasma
frequency and to two circularly polarized waves, the first with right polarization and
the second with left polarization. Terms of order me/mi have been dropped by the
explicit expressions involving k and ω. It is clear from the previous expressions that
two resonances exist for propagation parallel to the magnetic field, respectively at
ω = Ωi and ω = Ωe.
5.3.3 Frequency ranges and associated waves
Despite the fact that Eq.(5.2) contains already all the possible solutions of the wave
propagation problem, for propagation at any angle with respect to the background
field, it is not really informative. In the technical literature, a plethora of different
waves are described, associated to different dispersion relations. What these disper-
sion relations actually stand for, are approximations of the general dispersion relation
in Eq.(5.2) obtained by means of proper simplifications deriving by specific choices of
the frequency range. As this process will highlight also the nature of waves propa-
gating in helicon sources, we believe it is worth to describe the main types of waves
associated to the different frequency ranges.
First, in Fig.(5.2-a) and Fig.(5.2-b) we report the variation of the characteristic fre-
quencies for a singly ionized Hydrogen and Argon plasma, respectively, assuming
a background magnetic field of 500 G. It is clear that for laboratory plasma we are
interested in, i.e. for which n & 1018 m−3, the following frequency ordering is valid:
Ωi  ωLH  |Ωe| < ωpi  ωpe < ωUH and |ΩiΩe|  ω2pe (5.5)
where ω2LH ' Ω2i +ω2pi/(1+ω2pe/Ω2e ) and ω2UH ' ω2pe +Ω2e are respectively the lower-
hybrid and upper-hybrid frequency, which are the resonant frequencies for transverse
propagation (Stix, 1992).
In Fig.(5.3) we illustrate the dispersion relation for longitudinal propagation, as fol-
lows from Eq.(5.4). The two resonances at ω = Ωi and ω = Ωe have been highlighted.
In Fig.(5.3) we also report the labels which have been attributed to specific families of
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(a) (b)
Figure 5.2: Frequency ordering for a quasi-neutral, singly-ionized (a) Hydrogen
plasma and (b) Argon plasma (B0 = 500 G).
waves corresponding to peculiar frequency ranges:
• (ω  Ωi): at very low frequencies the right- and left-polarized branches merge
(for longitudinal propagation) to form the well-known Alfvèn waves, whose dis-
persion relation reads
n2 =
ωpe
Ωi|Ωe|
(the second ordering in Eq.(5.5) is employed in the derivation). These waves
propagate with the a phase velocity given by the famous Alfvèn velocity
vph ≡ ωk =
c
ωpe
√
Ωi|Ωe| .
• ω . Ωi  |Ωe|: close to the ion cyclotron frequency the left-polarized waves
take the name of ion cyclotron waves, as the behavior of this family of waves is
profoundly affected by the ion cyclotron resonance
• Ωi  ω  |Ωe|: whistler waves belong to the right-polarized branch and prop-
agate for frequencies in the intermediate range between the ion and electron
cyclotron frequency. By neglecting terms of the order Ωi/ω and ω/Ωe in the
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Figure 5.3: Dispersion relation for longitudinal propagation in a quasi-neutral, singly-
ionized Hydrogen plasma (B0 = 500 G). The right polarized wave is re-
ported in blue, the left polarized wave in red.
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dispersion relation for longitudinal propagation, we obtain the following equa-
tion (taking into account the second ordering in Eq.(5.5)):
n2 =
ωpe
ω|Ωe| . (5.6)
• ω . Ωe: for frequencies close to the electron cyclotron frequency, propagation of
so called electron cyclotron waves occurs, whose dispersion relation reads (Boswell
and Chen, 1997)
n2 =
ω2pe
ω|Ωe|
(
1+ ωΩe
) .
The waves we are interested in, i.e. helicon waves, are bounded modes of whistler
waves. In the literature the label helicon waves is sometimes used as a synonym of
whistler waves, but this is not exactly correct also because of a distinction of labels
which is made in bounded domains between the quasi-longitudinal and the quasi-
transverse modes, as explained in the next section.
5.3.4 Off-axis propagation
The dispersion relation of whistler waves reported in Eq.(5.6) is only valid for longi-
tudinal propagation. In order to obtain a complete understanding, the full dispersion
relation in Eq.(5.2) should be taken into account, which is however quite involved and
does not help to catch the underlying physical mechanisms.
A first simplification is the so called Altar-Appleton-Hartree (AAH) dispersion rela-
tion (Stix, 1992), which is basically an approximation of Eq.(5.2) valid for Ωi  ω, as
it is the case for whistler waves, which allows for neglecting the ion motion and then
all the terms containing either ωpi or Ωi.
Booker (1938) was then able to factorize the AAH relation distinguishing quasi-
longitudinal (QL) and quasi-transverse (QT) modes. It turns out that the QL case
is actually valid for any propagation angle but for almost purely transverse modes.
The right-polarized branch of the Brooker’s QL approximation is governed by the
following dispersion relation
n2 = 1−
(
ωpe/ω
)2
1+ Ωeω cos θ
. (5.7)
Eq.(5.7) shows that the refractive index is actually strongly anisotropic, because of
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the presence of the cos θ term. Moreover resonances can occur at frequencies lower
than the electron cyclotron frequencies for waves propagating at an angle with respect
to the background magnetic field, as the resonance condition can be written as ω =
−Ωe cos θ. Being cos θ = nz/n, we can rewrite Eq.(5.7) as follows
nz =
n
{[
1− (ωpe/ω)2]− n2}
(Ωe/ω) (n2 − 1) (5.8)
which provides a direct relation among the longitudinal component of the wave vector
and its magnitude. It can be verified from this equation that a minimum possible
value of kz exists, which implies that a maximum value for the propagation angle θ
exist. This angle corresponds with the resonance angle θ∗ = arccos (ω/|Ωe|), and it
defines a propagation cone inside which any whistler mode wave vector is bound to
lie. Sometimes Booker’s equation is found in a slightly simpler form, again justified
by the frequency ordering in Eq.(5.5):
n2 =
(
ωpe/ω
)2
|Ωe|
ω cos θ − 1
. (5.9)
Probably the most common form of the helicon dispersion relation, for general prop-
agation direction, is obtained by further simplifying Eq.(5.7). The additional simplifi-
cations come from the realization that, according to the frequency ordering in Eq.(5.5),
the terms containing ω are negligible with respect to terms Ωe and that ωpe  |Ωe|ω,
so that we get
n2 =
ω2pe
|Ωe|ω cos θ . (5.10)
This simplification also implies that the resonance angle for whistler waves is close to
pi/2. This form of the helicon dispersion relation, which is due to Storey (1953), is
actually equivalent to assuming me ⇒ 0, and for this reason is also known as the zero-
electron-mass helicon dispersion relation. Again we can rewrite Eq.(5.10) to highlight
the relation with the parallel component of the wave vector:
nnz =
ω2pe
|Ωe|ω . (5.11)
Both Booker’s and Storey’s dispersion relations, although being valid for almost
any propagation angle, lose their validity for θ ⇒ θ∗, i.e. for propagation angles
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close to the resonance angle. It can be shown (Stix, 1992; Boswell and Chen, 1997)
that waves propagating close to the resonance cone are essentially electrostatic, i.e.
are characterized by the presence of just an oscillating electric field. A simplified
procedure is available to calculate the dispersion relation of electrostatic waves, which
is known as electrostatic approximation. From this procedure, which we do not report
here for the sake of brevity, the dispersion of these modes can be obtained in the range
of frequency of interest here (Boswell and Chen, 1997):
kz
k⊥
=
√
ω2(ωpe2 +Ω2e −ω2)
(Ω2e −ω2)(ω2pe −ω2)
. (5.12)
The equivalent of these electrostatic waves propagating in bounded domains were first
detected (in a cylindrical geometry) by Trivelpiece and Gould (1959) and go under the
name of Trievelpiece-Gould modes. It can be shown that the previous equation is the limit
of Eq.(5.7) for high values of k⊥, which means that for propagation close to the reso-
nance cone helicon waves becomes electrostatic and transform into Trivelpiece-Gould
waves. These waves are thought to play a role of primary importance in the power
absorption mechanisms which take place in helicon sources, as will be discussed in
Sec.(5.4.2).
In Fig.(5.4) we illustrate the variation between the longitudinal and transverse com-
ponents of the wave vector for a set of parameters typical of helicon sources.
5.4 Helicon plasma sources
In the previous section, the general properties and propagation characteristics of he-
licon waves have been described. It has been pointed out that what it is commonly
referred to as helicon waves are actually two different branches of whistler waves:
the first, having a small transverse component of the wave vector and then propagat-
ing almost parallel to the background magnetic field, are the actual helicon waves;
the second, with a much higher transverse wave vector component, are the so called
Trivelpiece-Gould modes, which are quasi-transverse electrostatic waves.
Helicon plasma sources are wave-coupled sources driven at frequencies in the range
valid for the propagation of whistler waves. The background magnetic field usually
varies from a few tens to a few thousands Gauss. What makes these sources extremely
promising for electric propulsion applications, is the fact that they have demonstrated
very high ionization efficiency. Boswell has been among the firsts to employ helicon
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Figure 5.4: Relation between longitudinal and transverse wave vector components for
whistler waves propagating in an unbounded plasma (ω = 2pi · 13.56
MHz, B0 = 500 Gauss, n = 1018 m−3). The helicon and Trivelpiece-
Gould branches are visible. The black curve is the full dispersion rela-
tion as obtained by Booker (1938), Eq.(5.8). The blue curve is the standard
helicon dispersion relation, as from Eq.(5.11) obtained by Storey (1953).
The red curve is the dispersion relation for the modes propagating close
to the resonance cone boundary, which in bounded domains are called
Trivelpiece-Gould modes, Eq.(5.12). The cyan curve indicates the resonance
cone cos θ = kz/k = ω/|Ωe| .
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waves for plasma generation, and already in his early works (Boswell, 1984) he found
that the central core of the plasma in this source was almost 100% ionized, as he
could infer by the observation of the so called blue core of the source, due to strong
optical emission by the singly ionized argon atoms. Lieberman and Lichtenberg (1994)
report attainable number densities in the range 1017 − 1020 m−3, which potentially
match well with the typical values of electron number densities required in high-
power electric thrusters, both Hall effect and MPD thrusters. Recent measurements on
the VASIMR engine indicate values for the ionization cost 5− 6 times higher than the
theoretical ionization energy for several gases (Ar, H2 , Kr) (Longmier et al., 2011a,b).
In comparison, DC ionization mechanisms are known to require more than 10 times
the theoretical ionization energy (Chen, 1992).
In this section we describe the general properties of these sources, mainly in terms
of the effects of physical boundaries on the propagation of whistler waves and of the
physical mechanisms which are thought to play a role in the absorption of RF power
emitted from the antenna.
5.4.1 Helicon wave propagation in cylindrical sources
A detailed quantitative analysis of the problem of wave propagation in a bounded
source is postponed to next chapter, where we deal with helicon waves in annular
sources and describe the general procedure to follow for the analysis. Here it is suf-
ficient to note that the presence of a dielectric or conductive wall imposes additional
constraints to the problem, as additional boundary conditions must be fulfilled. The
major consequence of this is the fact that we pass from a continuous spectrum of
wavelengths to a discrete one, characterized by specific values of longitudinal wave
numbers. We have seen that for an unbounded cold plasma there is a minimum lon-
gitudinal component of the wave vector for whistler waves, but it turns out that in
the case of a uniform cold plasma bounded by a cylindrical wall (either conducting
or dielectric) a maximum kz exists as well (Chen and Arnush, 1997). Both the last
cited properties are illustrated in the plots in Fig.(5.5). In cylindrical helicon sources,
as well as in annular ones, the wave fields are linear superpositions of helicon and
Trivelpiece-Gould modes, expressed in terms of Bessel functions, which are the funda-
mental solution of wave-like problems in axi-symmetric domains. The imposition of
the boundary conditions also allows to obtain the relative amplitudes between these
modes.
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Figure 5.5: Plots illustrating the general properties of whistler wave propagation in
cylindrical sources (Chen and Arnush, 1997). The plot at the top illustrates
that for any value of the external magnetic field, both a lower and an upper
bound exist for the longitudinal wave number k, β being the total wave
number. The plot in the middle shows how for propagation in bounded
domains the spectrum of longitudinal wave numbers is discrete and not
continuous as in the unbounded case. In the plot at the bottom a typical
dispersion relation of a cylindrically bounded helicon mode is reported.
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5.4.2 Power absorption mechanisms
The physical mechanisms underlying the power absorption process and leading to the
observed high ionization efficiency of helicon sources are not yet fully understood and
are still subjects of intense basic research efforts.
Since the very first experiments on helicon plasma sources it became clear that classi-
cal collisional damping of the wave fields in the plasma could not justify the observed
density profiles (Boswell and Chen, 1997). Despite the fact that, as anticipated, no
general agreement is still present on the effective power absorption mechanisms, here
we report on two important subjects which are at the center of the investigations on
this topic, i.e. Landau damping and mode-coupling at the plasma boundary.
Landau damping
Landau damping, originally known as Cherenkov damping, is a fundamental mech-
anism of plasma physics allowing for collisionless energy absorption by the plasma
particles at the expenses of the wave energy. It is basically due to the fact that par-
ticles moving with a velocity slightly lower than the phase velocity of the wave are
effectively pushed by the electric field of the wave, thus being accelerated. This picture
is the so called linear Landau damping, while nonlinear Landau damping accounts
for two-way interactions between the particles and the electromagnetic fields of the
wave, leading to phenomena such as wave-trapping, that is when a particle becomes
trapped in the potential well of a propagating wave giving rise to continuous gains and
losses of energy with the wave itself, although the global effect is still a collisionless
mechanism of wave damping and power absorption (Chen, 2006).
After realizing that the classical collisional mechanisms could not explain the ob-
served ionization efficiency of helicon sources, early researchers investigated the pos-
sibility that some kind of collisionless mechanism, such as Landau damping, could
be at play in helicon sources. Early calculations however showed that although linear
Landau damping could account for a tenfold increase of the wave damping, it was still
too low to match with the experimental results (Boswell and Chen, 1997).
The possible role of Landau damping in helicon sources was revised by Chen (1991).
Again, calculation of the damping rate from linear Landau damping proved this effect
to be almost negligible, as the electrons would be accelerated by the wave to energies
in the range 20− 200 eV, which is well beyond the peak of ionization cross section
as a function of the collisional energy (Chen and Boswell, 1997). On the other hand
Chen argued that if the wave grows fast enough, it could trap thermal electrons and
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accelerate them to the phase velocity, i.e. to a much more favorable energy range
for ionization. This process is exactly the nonlinear Landau damping previously de-
scribed.
The question about if Landau damping is actually involved in the ionization process
of helicon discharges then moved towards the quest of a suprathermal tail of the
electron distribution function. The results are still unclear and do not point to in the
same direction, as claims of detection of high-energy populations have been published
(Ellingboe et al., 1995; Chen and Hershkowitz, 1998; Molvik et al., 1997; Scharer et al.,
2002), as well as works consistent with very small or nonexistent energetic populations
(Blackwell and Chen, 2001; Keesee and Scime, 2007; Sudit and Chen, 1996).
Despite the fact that a suprathermal electron population might exist in certain op-
erating conditions of helicon discharges, the recent trend is to believe that this should
not play a primary role in plasma generation in helicon sources (Keesee and Boswell,
2008).
Mode-coupling at the plasma boundary
The dispersion relations introduced in Sec.(5.3) have assumed no damping of the
waves, i.e. no collisional term was included in the particles momentum equations.
The inclusion of such a term is revealing of another absorption mechanism which
is thought to play an important role in the ionization efficiency of helicon sources.
Adding a collisional term to the electron momentum equation, and assuming usual
simplifications arising from the frequency ordering in Eq.(5.5), Booker’s dispersion
relation in Eq.(5.9) can be rewritten as (Shamrai and Taranov, 1996)
n2 =
(
ωpe/ω
)2
|Ωe|
ω cos θ − γ
,
being γ = 1 + i(ν/ω) and ν the total electron collision frequency (with both neutrals
and ions). We have seen that helicon waves have small transverse component of the
wave vector, so that the previous equation can be rewritten as
ω = |Ωe| kzkc
2
ω2pe
− iν k
2c2
ω2pe
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while for the Trivelpiece-Gould modes we get
ω = |Ωe| kzk − iν .
The imaginary part of the previous solutions is associated to an exponential decay in
time of the wave, and the previous equations indicate that while helicon waves are
very weakly damped, as k2c2  ω2pe, Trivelpiece-Gould modes turn out to be strongly
damped.
The result just described is the basis of a theory of helicon power absorption which
attributes the strong damping of the Trivelpiece-Gould modes a primary role for the
ionization in helicon sources (Shamrai and Taranov, 1995, 1996; Cho, 2000; Blackwell
et al., 2002; Kline et al., 2002). In bounded systems the fulfillment of the boundary
conditions is often not possible with the helicon solution alone and it requires for the
existence of the second branch of solutions, i.e. the Trivelpiece-Gould modes. This
mechanism, together we the previously described strong damping of these modes, is
referred to as mode-coupling at the plasma boundary.
5.4.3 Real sources effects
We conclude this overview of helicon plasma sources by citing a few additional topics
which have emerged in recent years and are still being investigated.
The first one is the so called neutral pumping, i.e. the depletion of neutral particles
from the core region of the source), which leads to limitations in the attainable plasma
density and ionization efficiency (Boswell, 1984; Gilland et al., 1998; Miljiak and Chen,
1998; Degeling et al., 1999; Cho, 1999; Yun et al., 2000; Fruchtman et al., 2005; Denning
et al., 2008; Houshmandyar and Scime, 2012). Reductions in neutral particle density of
one order of magnitude or more have been observed in the core of helicon discharges
(Boswell, 1984; Gilland et al., 1998; Houshmandyar and Scime, 2012), both with respect
to the cold flow values and between different regions in the source. Neutral pumping
accounts for the emergence of different helicon modes (Cho, 1999), for non-monotonic
variation of plasma density with varying RF power (Fruchtman et al., 2005), for elec-
tron species heating by limitation of RF power deposition into ionization (Denning
et al., 2008), for the radial non-homogeneity of plasma properties (Yun et al., 2000),
and for the inception of discharge oscillations in connection to neutral particle inges-
tion in vacuum chambers (Degeling et al., 1999). Several mechanisms are thought to
be behind the neutral pumping phenomenon: heating of the neutral particles (Boswell,
1984), which requires lower neutral density to preserve pressure balance in the source;
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neutral particle diffusion (Gilland et al., 1998); and "ion pumping", i.e. the diffusion of
ionized atoms to the wall of the tube being much faster (because of pre-sheath electric
fields) than the diffusion of neutral atoms (generated by recombination) from the wall
to the core of the plasma (Yun et al., 2000). The neutral particle density can also di-
rectly influence ion acceleration in helicon thrusters, with important consequences on
the propulsive effectiveness of these sources (Sun et al., 2004).
Another aspect of helicon sources which has recently attracted increasing interest
is the role of plasma density gradients on the propagation of whistler waves in the
source. In particular, Breizman and Arefiev (2000) have shown that radial density gra-
dients can generate a sort of potential well in which whistler waves become trapped,
giving rise to resonant modes called radially localized helicon (RLH) modes by the au-
thors. Arefiev and Breizman (2006) later showed that also axial density gradients can
have a strong effect on wave propagation inside helicon sources, and might give rise to
internal reflections and cavity modes. This theory has already received experimental
and numerical validation (Panevsky and Bengston, 2004; Chen et al., 2006; Lee et al.,
2011). What is important to note is that the peculiar feature of RLH modes is that
their dispersion relation reads ω ≈ k2z|Ωe|c2/ω2pe, while for usual whistler waves we
obtained ω ≈ kk2z|Ωe|c2/ω2pe. A dispersion relation of the first kind has also been
experimentally found by Degeling et al. (2004). If the results of this theory were to
be confirmed, they would probably provide also the key to the understanding of the
physical mechanisms behind helicon sources operation.
We finally make a mention of one additional mechanism for power absorption which
is being proposed and examined in the field of helicon plasma research, i.e. the pres-
ence of anomalous collisionality induced by micro-instabilities and ion-acoustic turbu-
lence in the plasma (Kline et al., 2002; Lee et al., 2011). Further experiments focused
at detecting this kind of behavior are needed though.
5.5 Objectives of Part II
In this chapter we have presented a general overview of the physical bases of heli-
con plasma sources, as well as the major research topics in the field and the open
issues. The goal of the second part of this thesis is to develop a basis of knowledge to
understand the feasibility of employment of an annular helicon plasma source to be
used as an ionization stage in plasma thrusters, mainly Hall effect thrusters and MPD
thrusters. The specific questions to be addressed are:
• is it possible to excite whistler waves in an annular plasma?
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• what are the properties of such annularly bounded waves?
• what is the general structure of an annularly bounded magnetized plasma?
The first two questions will be tackled in Ch.(6), in which we present a general
theory of whistler waves propagation in an annularly bounded helicon source, which
aims at understanding the fundamental properties of wave propagation in this config-
uration.
The third question will be addressed in Ch.(7), where a parametric study of a the
radial equilibrium of a magnetized annular plasma will be presented, the fundamental
scaling parameters will be derived and general considerations on the effectiveness of
this plasma configuration as a plasma source will be drawn.
In Ch.(8) we report the results of both an experimental and numerical campaign
which was performed with the goal to validate a procedure for the calculation of the
cold neutral gas background in helicon sources, which is necessary to infer the level
of pressure at which the source operates for a given mass flow rate. In addition,
insights of a possible connection with the problem of neutral density depletion will be
provided.
Finally, in Ch.(9) we present the results of an experimental campaign on an annular
helicon plasma source performed at the High Power Electric Propulsion Laboratory
(HPEPL) of the Georgia Institute of Technology.
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Helicon wave propagation in
annular sources
6.1 Introduction
At the beginning of the previous chapter we have outlined the potential benefits of the
employment of a helicon source as an ionization stage in plasma thrusters. Having
in mind specifically the MPD thrusters as well as the Hall effect thrusters, it becomes
evident that a cylindrical configuration of such a source would be quite difficult to
integrate with the acceleration stage of the device, which in both cases has an annular
shape. Similar geometries are found on other devices, such as the recently proposed
HEMPT (High Efficiency Multistage Plasma Thruster) (Kornfeld et al., 2003). In the
past years, a research line has been setup at the High Power Electric Propulsion Lab-
oratory (HPEPL) of the Georgia Institute of Technology aiming at the development
of an annular helicon plasma source to be employed as an efficient ionization stage
for Hall thrusters. If this kind of source were proven capable of meeting the levels
of ionization cost and plasma generation efficiency required by state-of-the-art Hall
thrusters, further development efforts could be envisaged towards the adaptation of
this kind of technology to MPD thrusters. As already described in the final sections
of Ch.(4), the employment of an efficient ionization stage has the potential to strongly
increase also the stability properties of these devices (the possibility to employ helicon
sources to feed MPD thrusters was first proposed by Blackhall (2005)).
The first calculations concerning wave propagation in the zero-electron-mass limit
were performed by Yano and Walker (2006) and by Beal et al. (2006). Yano and Walker
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(2007) later included the role of electron inertia, but the published equations were
affected by some mistakes (Giannelli et al., 2012), some of which probably hindered
the possibility to obtain a complete solution taking into account the presence of the
displacement current in the two vacuum regions, as use was made of the Laplace
equation for the vacuum magnetic field, possibly leading to a limitation in the featured
solutions of the linear normal modes.
In this chapter we report a complete theory of the normal oscillation modes of the
electromagnetic fields associated to helicon wave propagation in annular sources. In
addition to the standard solution for insulating boundaries in a homogeneous plasma,
the solutions with both conducting and with mixed boundary conditions will be ob-
tained. Conducting boundaries are usually not taken into account, as in general
the plasma in a helicon source is excited by means of a RF-driven metallic antenna
wrapped around the cylindrical dielectric tube, and in this configuration a conducting
wall would shield out the electromagnetic fields generated by the antenna from the
plasma. On the other hand, in addition to a purely theoretical interest in the general
solution to our problem in all the different configurations, it is also interesting from
the point of view of the possible applications, as for example the possibility to gen-
erate a helicon-wave sustained plasma with both conducting boundaries could be of
direct interest to the MPD thruster case. Excitation of the plasma could occur in this
case by means of a spirally wound planar antenna positioned behind the back plate
of the device, a technique whose feasibility has already been proved by Tanikawa and
Shinoara (2006). In addition, it would be interesting to investigate this possibility also
by means of experimental activities and to look for different plasma behavior with
different kinds of boundaries.
Before turning to the mathematical description of the problem, here we describe the
geometry we will deal with. In this work we will analyze an infinitely long plasma
confined to a circular annulus by two concentric tubes, as illustrated in Fig.(6.1). The
walls can be considered independently as perfectly insulating or perfectly conducting,
and this will directly affect the imposition of the boundary conditions for the wave
propagation problem. The following quantities are introduced
γ =
Rin
Rout
, ξ =
r− Rin
Rout − Rin .
This allows us to characterize the annular source by its scale, fixed by Rout, and by its
shape, fixed by γ. The variable ξ is useful in order to plot results corresponding to
different geometries on the same space variable, as the annulus always corresponds to
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Figure 6.1: Geometry of annular helicon source
0 ≤ ξ ≤ 1 for any choice of inner and outer radii.
6.2 The wave equations in a homogeneous plasma
In order to derive the fundamental equations governing wave propagation in the an-
nular source, in this chapter we will follow an alternative, although completely equiv-
alent, approach to the one in Ch.(5). The following derivation is based on the the work
of Chen and Arnush (1997), which is in turn based on the results of Klozenberg et al.
(1965). Use will be made of the SI system of units. In this work only the case of a
radially homogeneous plasma will be considered.
The equations to be solved are the following three equations of the larger Maxwell’s
set
∇ · B = 0 (6.1)
∇× E = iωB (6.2)
∇× B = µ0j (6.3)
which are then coupled to the momentum equation for electrons
−iωmev = −e (E + v× B0)−meνv
and to the expression relating the current density vector to the electron velocity
j = −en0v .
In the previous equations we have assumed that the the displacement current in the
- 125 -
6 Helicon wave propagation in annular sources
plasma is negligible (as it is in almost any kind of these sources (Chen and Arnush,
1997)) and that the ion contribution to the plasma current is negligible (which is co-
herent with the range of frequencies we are investigating). Moreover the linear ansatz
exp[i(mθ+ kz−ωt)] has been introduced, m being the azimuthal wave number of the
wave while k is the axial wave number. Finally, n0 is the homogeneous plasma den-
sity while B0 = B0ẑ is the DC background magnetic field. The collisional frequency
ν accounts for collisions both with ions and neutrals. From the electron momentum
equation the electric field in the plasma can be expressed in terms of the plasma cur-
rent density
E = − B0
en0
(iδj + ẑ× j) (6.4)
in which the complex quantity δ = (ω + iν)/ωc = δr + iν/ωc has been introduced,
ωc = eB0/me being the positively defined electron cyclotron frequency. In this section
only the real part of δ will be taken, as all collisional effects can be included in the
final solutions by substituting the electron mass me with the expression me(1+ iν/ω).
Substitution of the previous expression into the general set of equations leads to an
equation for the magnetic field of the wave
δ∇×∇× B− k∇× B + k2wB = 0 , (6.5)
where k2w = (ωn0µ0e)/B0 = δk2s , where ks = ωp/c and ωp =
√
(n0e2)/(e0me) is the
electron plasma frequency.
Klozenberg et al. (1965) showed that Eq.(6.5) can be factored into
(β1∇×) (β2∇×)B = 0
where the separation constants are obtained by the quadratic equation
δβ2 − kβ+ k2w = 0 . (6.6)
Klozenberg et al. (1965) also showed that the general solution to Eq.(6.5) is given by
B = B1 + B2, where each component satisfies the equation for force free fields
∇× Bj = β jBj , j = 1, 2 . (6.7)
Taking the curl of the previous equation we obtain
∇2Bj + β2j Bj = 0 (6.8)
- 126 -
6.2 The wave equations in a homogeneous plasma
which is a standard Helmholtz equation.
From this derivation we can see that, in the general case, the wave pattern inside a
plasma source is given by the superposition of two different families of waves, char-
acterized by the two different total wave numbers β1 and β2. Each one of these of
waves is on its own the superposition of many different waves, all belonging to the
same family but with different axial and azimuthal wave numbers. The fact that β1
and β2 are total wave numbers is clear by their positions in the Helmholtz equation. It
is useful here to introduce the transverse wave number Tj =
√
β2j − k2, so that Eq.(6.6)
can be rewritten as
δ(T2 + k2)− k
√
T2 + k2 + k2w = 0 . (6.9)
A schematic drawing illustrating the physical meaning of the various wave vector
components is reported in Fig.(6.2). In case of long transverse wavelength, i.e. T 
Figure 6.2: Reference system for the study of wave propagation in annularly bounded
plasmas.
k ⇒ k ' β j and then the first term on the left hand side of Eq.(6.6) is negligible with
respect to the second, being δ  1 by the hypothesis on the frequency regime of
interest, so that the equation can be approximated as βk ≈ k2w, which is exactly the
same as Eq.(5.11). This indicates that the wave family corresponding to the smaller
β value, β1 in our case, corresponds to the helicon branch of the dispersion relation.
This is also the unique family of waves which is obtained in the zero-electron-inertia
limit.
A general description of the two superimposed families of waves which are present
in a helicon source is obtained by looking at the general solution of Eq.(6.6), i.e.
β1,2 =
k
2δ
[
1−∓
(
1− 4δk
2
w
k2
)]
.
When δk2w  k2 the two solutions are well separated, so that they can be approximated
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as
β1 = k2w/k , β2 = k/δ . (6.10)
As previously described, the first solution corresponds to a helicon wave. Recalling
that β is the total wave number while k is the axial (longitudinal) one, the second so-
lution can be written as β2 = β2 cos θωc/ω and as pointed out by Chen and Arnush
(1997) it corresponds to the Trivelpiece-Gould branch. As the wave frequency ap-
proaches the electron cyclotron frequency, only the Trivelpiece-Gould branch remains
and all the waves become electrostatic.
An important piece of information about helicon wave propagation in cylindrical
an annular source is obtained by considering k as a function of β. By differentiating
Eq.(6.6) (considering k = k(β)) and then by imposing that the transverse wave number
T be real, we obtain respectively a minimum and a maximum value for the allowed
longitudinal wave number:
kmin = 2δks , kmax =
√
δ
1− δ ks .
This implies that the wave number spectrum for whistler wave propagation in cylindri-
cal and annular plasmas is bounded and this is quite a different behavior with respect
to propagation in unbounded plasmas, where only a lower bound for the longitudinal
wave number exists.
It is worth to point out that all the properties described up to this moment stand
valid both for cylindrical and annular plasmas, as they all come from considerations
on the general derivation of the governing equations.
6.2.1 Solution in annular configurations
In this section we describe the procedure to obtain the solutions of the problem of
whistler wave propagation in annular configurations. In the following we indicate
with the sign ′ differentiation with respect to the radial coordinate.
By taking the z−component of Eq.(6.8) we obtain in cylindrical coordinates
B
′′
z +
B
′
z
r
− m
2
r2
Bz − k2Bz + β2j Bz = 0
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which can be recast in the standard form of a Bessel equation
B
′′
z +
B
′
z
r
+ (β2j − k2︸ ︷︷ ︸
=T2
−m
2
r2
)Bz = 0
whose general solution is
Bzj = C1j Jm(Tjr) + C2jYm(Tjr) , T2j = β
2
j − k2 , j = 1, 2 . (6.11)
For the sake of simplicity of the following calculations, we introduce the quantities aj
and bj defined by C1j = −2iTjaj and C2j = −2iTjbj. Eq.(6.11) can be rewritten as
Bzj = −2iTjaj Jm(Tjr)− 2iTjbjYm(Tjr) , T2j = β2j − k2 , j = 1, 2 . (6.12)
It is also useful to calculate the first radial derivative of this solution
B
′
zj = −2iTjaj J
′
m(Tjr)− 2iTjbjY
′
m(Tjr)
= −iT2j aj
(
Jm−1(Tjr)− Jm+1(Tjr)
)− iT2j bj (Ym−1(Tjr)−Ym+1(Tjr))
The radial and azimuthal components of Eq.(6.7) read
im
r
Bzj − ikBθ j = β jBrj
ikBrj − B′zj = β jBθ j
from which we obtain
Brj =
1
T2j
[
β j
im
r
Bzj + ikB
′
zj
]
Bθ j =
1
T2j
[
−mk
r
Bzj − β jB′zj
]
.
Making use of Eq.(6.12) we finally obtain
Brj =aj
[
(β j + k)Jm−1(Tjr) + (β j − k)Jm+1(Tjr)
]
+
bj
[
(β j + k)Ym−1(Tjr) + (β j − k)Ym+1(Tjr)
]
.
(6.13)
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and
Bθ j =iaj
[
(β j + k)Jm−1(Tjr)− (β j − k)Jm+1(Tjr)
]
+
ibj
[
(β j + k)Ym−1(Tjr)− (β j − k)Ym+1(Tjr)
]
.
(6.14)
It will be useful for the application of the boundary conditions to recast the com-
ponents of the magnetic field in terms of circularly polarized components, defined
as
BRj =
Brj − iBθ j√
2
, BLj =
Brj + iBθ j√
2
. (6.15)
In terms of Bessel functions we obtain then
BRj =
√
2(β j + k)
[
aj Jm−1(Tjr) + bjYm−1(Tjr)
]
BLj =
√
2(β j − k)
[
aj Jm+1(Tjr) + bjYm+1(Tjr)
]
.
It is now necessary to obtain closed form expressions for the electric field com-
ponents. Taking into account that Eq.(6.7) implies jj = (β j/µ0)Bj, from the axial
component of Eq.(6.4) it follows
Ezj = − iωmen0e2 jzj = −
iωme
n0e2
β j
µ0
Bzj .
The other components of the electric field can be found from Eq.(6.2), which leads to
Erj =
ω
k
Bθ j − ik E
′
zj (6.16)
Eθ j =
m
kr
Ezj − ωk Brj . (6.17)
Making use of the expressions of the magnetic field components previously found we
obtain an explicit solution for the axial electric field
Ezj = − 2ωme
µ0n0e2
β jTj
[
aj Jm(Tjr) + bjYm(Tjr)
]
. (6.18)
6.3 The wave equations in vacuum
As we shall see in the next section, when at least one of boundaries consists of a
dielectric wall at the interface between the plasma and vacuum, the imposition of the
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boundary conditions requires the matching between the electromagnetic fields inside
the plasma and those in the vacuum region. We will refer to the two vacuum regions
as inner and outer vacuum respectively. It is necessary then to obtain closed form
solutions for the magnetic and electric field in these vacuum regions. As pointed out
by Chen and Arnush (1997), the waves in the vacuum regions are highly evanescent,
since the wave number for bounded whistler waves is typically much higher than the
wave number k0 = ω/c in vacuum. This implies that despite the fact that additional
boundary conditions should be satisfied at a certain distance from the source, typically
at the walls of the vacuum chamber used for the tests, the evanescent behavior of
whistler waves in vacuum allows us to assume that such distant boundary practically
lies at infinity, this assumption being valid as long as the actual gap between the source
dielectric wall and the vacuum chamber wall is larger than some fraction of the plasma
annulus width. This hypothesis will allow us to take into account only one of the two
natural solutions in the outer vacuum.
The fundamental equations governing wave propagation in vacuum can be easily
obtained by Maxwell’s equation assuming a zero transport current density. It can be
shown that we arrive at the following equation for the magnetic field:
∇2Bq + k20Bq = 0 , q = 3, 4
where the subscript q = 3 stands for the inner vacuum and q = 4 for the outer. The
general solution to this vector equation is obtained by first looking for the circularly
polarized components of the magnetic field. In order to do this we first write down
the radial and azimuthal components of the previous equation (see Eq.(B.1)):
B
′′
rq +
B
′
rq
r
−
(
k2 − k20 +
m2 + 1
r2
)
Brq − 2imr2 Bθq = 0
B
′′
θq +
B
′
θq
r
−
(
k2 − k20 +
m2 + 1
r2
)
Bθq +
2im
r2
Brq = 0 .
Multiplying the second equation by (−i)/√2 e summing up the two equations we
obtain the equation for the right-polarized waves:
B
′′
Rq +
BRq
r
−
k2 − k20︸ ︷︷ ︸
T2q>0
+
(m− 1)2
r2
 BRq = 0
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whose solution for the inner vacuum can be written as
BR3 =
√
2cR3 Im−1(T3r)
while for the outer vacuum we have
BR4 =
√
2cR4Km−1(T4r) .
For the inner vacuum the solution corresponding to the modified Bessel function Km−1
has been discarded in order for the solution to be finite on the axis. Vice versa, for
the outer vacuum the solution proportional to Im−1 has been discarded in order to
have a finite and zero amplitude of the fields at infinity. Note that despite the fact
that T3 = T4, here we retain the different labels to maintain a coherence of notation
throughout the calculation procedure. Following an analogous procedure we obtain
the solutions for the left polarized waves in the inner vacuum
BL3 =
√
2cL3 Im+1(T3r)
and in the outer vacuum
BL4 =
√
2cL4Km+1(T4r) .
The axial component of the magnetic field in the vacuum regions can now be ob-
tained from the zero-divergence condition, leading to
Bz3 =
iT3
k
(cL3 + cR3)Im(T3r)
and
Bz4 = − iT4k (cL4 + cR4)Km(T3r)
respectively for the inner and outer vacuum regions.
From Faraday’s equation we can now obtain the expressions for the axial component
of the electric field:
Ez3 = − c
2
ω
T3(cR3 − cL3)Im(T3r)
Ez4 =
c2
ω
T4(cR4 − cL4)Km(T4r) .
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6.4 Boundary conditions
The fundamental difference between wave propagation in unbounded and bounded
plasmas lies in the necessity of satisfying specific boundary conditions in the second
case. We have already seen that this profoundly changes the wave pattern, for example
leading to a maximum value of the allowed longitudinal wave number. We have also
described in Sec.(5.4.2) how the coupling of the Trivelpiece-Gould modes with the
helicon modes at the boundary of cylindrical sources is thought to be one of the most
important mechanisms for power deposition in the plasma. In this section we describe
what kind of boundary conditions the wave fields components have to fulfill for the
waves to exist.
If we consider the whole space in which wave propagation occurs, two boundary
conditions have already been fulfilled by our choice of the Bessel functions to express
the solution of the problem in the two vacuum regions, i.e. the fact that each com-
ponent of the electromagnetic fields be finite on the axis of the source and that they
be zero at infinity. All the additional boundary conditions arise from the necessity to
match the field components at the interface between the plasma and the vacuum re-
gions. We assume unit permittivity and permeability in addition to respectively zero
and infinite electrical conductivity in case of an insulating or conducting wall. The ra-
dial coordinates used here in referring to the wall positions, i.e. Rin and Rout, actually
correspond to the outer surface of the inner tube and to the inner surface of the outer
tube respectively.
The same nature of the boundary conditions to be satisfied depends strongly on
what kind of boundary surrounds the annular source, as explained below.
The general theory of electromagnetism prescribes the following boundary condi-
tions at interfaces between two media ((Jackson, 1998), p. 18), indicated by subscripts
m1 and m2 , written for media with unit relative permittivity and permeability (as in
our case):
(Em2 − Em1) · n = σ/e0 (6.19)
(Bm2 − Bm1) · n = 0 (6.20)
n× (Em2 − Em1) = 0 (6.21)
n× (Bm2 − Bm1) = K (6.22)
where n is the unit normal vector to the interface, σ here indicates a surface charge
density at the interface and K a surface current flowing along the interface surface.
- 133 -
6 Helicon wave propagation in annular sources
Now, as pointed out by Chen and Arnush (1997), while a surface charge can in general
exist, a real plasma cannot carry an infinitesimally thin surface current. This implies
that in our problem we will require continuity across the interface between the plasma
and the vacuum regions for all the magnetic field components and for the tangential
components of the electric field, i.e. Eθ and Ez. It is worth to point out that the
boundary conditions have to be applied to the overall field components, i.e. for the
plasma they are the sum of the two individual solutions indicated by subscripts 1 and
2.
6.4.1 Insulating boundaries
Almost every helicon source is simply made of a quartz or glass tube which confines
the plasma. An RF-driven antenna is wrapped around the quartz tube to excite the
plasma and realize the wave coupling.
From the results obtained in Sec.(6.2.1) it follows that the wave solution in the
plasma is specified by four unknown amplitudes, specifically a1, a2, b1, b2. In the case
of insulating boundaries, the electromagnetic fields are not confined just to the volume
occupied by the plasma, but propagate to and from the two vacuum regions around
it. Since the dielectric walls provide no shielding for the waves, the solution inside
the plasma volume is mathematically coupled, through the insulating boundaries, to
the wave solutions in the vacuum regions. This implies that we are compelled to
solve also for the wave fields in the vacuum regions in order to find the waves in the
plasma, thus adding the four unknowns cR3, cL3, cL4, cR4 to the problem, for a total of
eight unknown wave amplitudes. The thickness of the quartz tube does not play a
role as we have assumed it has zero electrical conductivity and unit permittivity, so
that the same equations governing wave propagation in vacuum hold true inside the
insulating material.
The eight boundary conditions to be fulfilled derive from the continuity of the mag-
netic field components on the inner and outer walls (six conditions) and from the
continuity of the axial electric field component on both boundaries (two components).
The continuity of the azimuthal electric field component is at that point already sat-
isfied, as it can be verified from Eq.(6.17). Given the linear nature of the problem of
calculating the normal oscillation modes of any physical system, the various ampli-
tudes can only be calculated in a relative sense, as in reality the actual amplitudes of
the waves obviously have to match with the fields induced by the antennas employed
in the experiment. Nonetheless the relative magnitudes of the various wave compo-
nents remain the same as calculated in the following procedure. What we have just
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said is equivalent to fixing one of the unknown amplitudes to an arbitrary value. We
choose to set
a1 = 1 .
At this point it might seem that we have one too many boundary conditions. It must
however be noticed that there is an additional unknown parameter in the problem,
i.e. the longitudinal wave number k. Solving for the linear propagation problem also
implies indeed finding the spectrum of the allowed wave numbers. By applying the
various boundary conditions we always end up with a so called eigenvalue equation
whose solution is exactly the spectrum we are looking for. It must indeed be noticed
that the longitudinal wave number plays the role of an eigenvalue, i.e. a parameter
of the problem which can only assume specific values in order for the problem to
have a solution. Specifically, after applying the first seven boundary conditions, we
can already calculate all the (relative) amplitudes of the various wave components,
but this solution depends on k. The last boundary condition provides an additional
constraint on at least one of the calculated amplitudes, and this additional constraint
can only be satisfied for just some values of the eigenvalue k.
Performing the calculation of the boundary conditions is quite a long and tedious
process. Although a purely numerical solution could be in principle obtained, we
opted for performing the analytical calculations in order to have a closed form solution
which suits better for a parametric analysis. Since the results are quite involved, we
have reported the calculated expressions in Appendix (B) for future reference.
6.4.2 Conducting boundaries
We recall here that in order to obtain the wave solution inside the plasma volume, only
four boundary conditions are necessary. In the case of insulating boundaries these
boundary conditions cannot be solved for directly, as the values of the corresponding
wave components in the vacuum regions enter the system of equations, so that the
vacuum solution has to be taken into account.
The case of conducting boundaries is quite different from the mathematical stand-
point. Inside a conducting medium the electromagnetic fields decay exponentially
across a distance which is in the order of the skin depth, this meaning that when
we talk here about a conducting wall we actually refer to a wall with a sufficiently
high electrical conductivity and a thickness greater than a few times the skin depth.
The skin depths tends to zero as the electrical conductivity tends to infinity, which is
the case considered here, so that the wave fields decay to zero infinitely close to the
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conducting surface ((Jackson, 1998), p.352-353). Given that the normal component of
the magnetic field (Br) and the two tangential components of the electric field (Eθ , Ez)
must be continuous across the interface, in this case they must be zero at the interface
itself. Despite the fact that these boundary conditions lead to three scalar equations,
from Eq.(6.17) we see that imposing Br = 0 and Ez = 0 automatically leads to Eθ = 0.
Since in the annular configuration we have two interfaces, the previous consideration
leads to a total of four boundary conditions which can be directly solved for in order to
obtain the relative amplitudes a2, b1, b2 with respect to a1, i.e. assuming a1 = 1, as well
as the eigenvalue spectrum. As for the case of insulating boundaries, the analytical
results can be found in Appendix (B).
6.4.3 Mixed boundary conditions
We have also analyzed the case of mixed boundary conditions, i.e. with a conducting
wall on the inner interface and an insulating wall on the outer one, and vice versa. In
both these cases we have a total of six unknown amplitudes and six boundary condi-
tions. The six unknowns are the four amplitudes of the waves in the plasma and the
two amplitudes of the waves in the vacuum region corresponding to the insulating
boundary, i.e. where no shielding of the electromagnetic fields occurs. The six bound-
ary conditions are given by the continuity of the magnetic field components (3) and of
the axial electric field component (1) on the insulating boundary and the radial mag-
netic field component and axial electric field component being zero at the conducting
interface (2). Obviously the vacuum solution has to be calculated for the vacuum re-
gion corresponding to the insulating boundary. As usual, by fixing a1 = 1 one of the
six constraints is employed to obtain the eigenvalue spectrum. The analytical results
are reported in Appendix (B).
The different sets of boundary conditions used to solve the wave propagation prob-
lem are reported in Tab.(6.1).
6.5 Eigenvalue spectrum
We start the discussion of the results of the theory outlined in the previous sections by
discussing the role of the main parameters of the problem on the eigenvalue spectrum
of the solution. Despite the fact that the theory is obviously capable of providing
a solution for any given set of parameters (if the solution exists), in the following
discussion we will take ω = 2pi · 13.56 MHz, m = 1, Rin = 60 mm and Rout = 84.5
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Inner wall Outer wall
insulating insulating
conducting conducting
conducting insulating
insulating conducting
Table 6.1: Different sets of boundary conditions for which the wave propagation prob-
lem was solved.
mm, unless otherwise specified. The radii where the boundary conditions are applied
are chosen to be equal to the radii of the tubes employed in the experimental activities
described in Ch.(9).
As in real operation the actual values of allowed longitudinal wave numbers are
fixed by additional constraints which are not taken into account in this theory, such
as the exact geometry of the exciting antenna, the presence of gradients in the plasma
properties or the presence of axial boundary conditions, it is important to point out
that it is desirable to have a broader as well as denser spectrum, the first adjective refer-
ring to the width ∆k = kmax − kmin of the range of allowed eigenvalues, the second to
the actual number of discrete eigenvalues of the problem, i.e. of solutions. If indeed
the theoretical eigenvalue spectrum is too narrow and with too few discrete eigen-
values, the coupling between the RF system and the plasma could be more difficult
or even impossible. This is somehow analogous to the fact that in ordinary forced
oscillating systems, good power transfer can occur at frequencies close to the resonant
frequencies of the system. In principle the plasma number density should adapt its
value to a level which fits the dispersion relation of the modes whose wave number
is fixed by the various real-source effects mentioned above (Chen and Arnush, 1997),
but in reality the number density level is determined by a number of additional mech-
anisms which contribute to the equilibrium of the plasma, as explained later.
We have seen that the spectrum of possible longitudinal wave numbers is bounded
by the two limiting values
kmin = 2δks ∝
ω
B0
√
n0
in correspondence of which the helicon and Trivelpiece-Gould modes have comparable
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radial wavelength, and
kmax =
√
δ
1− δ ks ∝∼
√
ω
B0
n0
which instead corresponds to cases in which the wavelengths of the two families of
waves are very different, the one of the helicon mode being much longer than the one
of the Trivelpiece-Gould mode. As δ  1 in the range of frequencies of interest, if
follows that
√
δ/(1− δ) > 2δ and as a consequence the amplitude of the range of
the possible k values increases proportionally to the square root of the plasma density,
i.e. ∆k|(ω,B0) ∝
√
n0. An increase of the applied magnetic field instead leads to a
narrower range of possible eigenvalues, as it can be seen by the plots in Fig. (6.3). As
a function of B0, kmin decreases rapidly to a low and almost constant value, so that in
good approximation ∆k|(ω,n0) ' kmax ∝∼ 1√B0 .
Figure 6.3: Variation of kmin, kmax and ∆k as a function of the plasma number density
(with B0 = 1000 G) and of the external magnetic field (with n0 = 1018
m−3). The other parameters are: ω = 2pi · 13.56 MHz, m = 1, Rin = 60
mm, Rout = 84.5 mm.
In Fig.(6.4) and Fig.(6.5) we report, for two different sets of plasma parameters and
for all four different sets of boundary conditions, the plots of the eigenvalue function
whose zeros are the eigenvalues of the problem. The first figure corresponds to a
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low-density and low-field case (n0 = 5 · 1017 m−3 and B0 = 500 G), while the second
one is for a high-density, high-field case (n0 = 1019 m−3 and B0 = 1000 G). The
number of the discrete eigenvalues of the problem is reported for each case, and the
red squares indicate their location along the k−axis. Other plasma parameters being
the same, the density of the spectrum increases with the plasma number density and
applied magnetic field, as shown in Fig.(6.5) for a high-density and high-magnetic
field case with insulating boundaries (cases with other boundary conditions exhibit
the same behavior). Two points are worth noticing. First, it seems that the density
of the discrete spectrum, i.e. the number of eigenvalues of the problem, is increased
for all kinds of boundary conditions by an increase of the plasma density and the
externally applied magnetic field. Second, it seems that while all kinds of boundary
conditions containing at least an insulating wall have about the same spectrum density,
the case of both conducting boundaries shows a lower density.
In order to obtain some additional and more detailed quantitative information, in
Fig.(6.6) we plot the calculated number of eigenvalues as a function of the plasma
density for three different values of the external field and for all types of boundary
conditions. From this figure we see that indeed the density of the eigenvalue spectrum
is basically the same for all the sets of boundary conditions in which at least one of
the walls is insulating, while the case of both conducting boundaries has considerably
less possible solutions. Moreover in this last case the magnitude of the applied mag-
netic field has almost no effect on the eigenvalue density, a result which is again in
contrast with what obtained for the other kinds of boundary conditions. In all cases
instead an increase of the plasma number density leads to an increase of the number
of eigenvalues of the problem. It must however be noted that such an increase is com-
pletely ascribable to the increase of the allowed range of longitudinal wave numbers
k, and not to a fundamental change of behavior of the wave solutions. This is indeed
demonstrated by the dashed lines which have been superimposed on the calculated
data in Fig.(6.6): each of these lines is proportional to
√
n0, as the amplitude of the
range of allowed k values, i.e. ∆k = kmax − kmin, is proportional to this quantity. We
see that the agreement is very good, thus confirming that the increase of the number
of possible solutions to the problem (i.e. of eigenvalues) as a function of the plasma
number density is only due to the widening of the band of possible longitudinal wave
numbers. Further confirmation of this behavior is obtained by looking at Fig.(6.7),
in which we plot the number of calculated eigenvalues divided by the width of the
allowed range of k, showing that in all cases the curves are practically constant.
In Fig.(6.8) we illustrate the dependence of the number of eigenvalues of the problem
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(a)
(b)
(c)
(d)
Figure 6.4: Eigenvalue equation as a function of the boundary conditions for a low-
density, low-field case: n0 = 5 · 1017 m−3 and B0 = 500 G (ω = 2pi · 13.56
MHz, m = 1, Rin = 60 mm, Rout = 84.5 mm). Boundary conditions: (a)
both insulating, (b) both conducting, (c) conducting inside and insulating
outside, (d) insulating inside and conducting outside. The red squares
indicate the locations of the eigenvalues along the k−axis.
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(a)
(b)
(c)
(d)
Figure 6.5: Eigenvalue equation as a function of the boundary conditions for a high-
density, high-field case: n0 = 1 · 1019 m−3 and B0 = 1000 G (ω = 2pi · 13.56
MHz, m = 1, Rin = 60 mm, Rout = 84.5 mm). Boundary conditions: (a)
both insulating, (b) both conducting, (c) conducting inside and insulating
outside, (d) insulating inside and conducting outside. The red squares
indicate the locations of the eigenvalues along the k−axis.
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Figure 6.6: Number of eigenvalues as a function of the plasma number density for the
four different sets of boundary conditions (ω = 2pi · 13.56 MHz, m = 1,
Rin = 60 mm, Rout = 84.5 mm). The dashed lines are curves proportional
to
√
n0 and are meant as a guide to the eye.
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Figure 6.7: Number of eigenvalues divided by the width of the allowed range of k
as a function of the plasma number density for the four different sets of
boundary conditions (ω = 2pi · 13.56 MHz, m = 1, Rin = 60 mm, Rout =
84.5 mm).
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as a function of the external magnetic field and, as anticipated, we have confirmation
of the fact that an increase of B0 leads to an increase of the spectrum density for any
set of boundary conditions containing at least an insulating boundary, while no major
effect occurs in the case of both conducting boundaries. This behavior is in contrast
with what we have observed for the n0-dependence, as at the beginning of this section
we saw that a higher magnetic field reduces the band of allowed longitudinal wave
numbers. This implies that, contrary to what happens with an increase of the plasma
number density, the magnetic field actually modifies the response of the plasma to
the wave propagation and effectively increases the number of possible solutions of the
problem, the other parameters being constant. This effect is illustrated in Fig.(6.9) in
which, in analogy with Fig.(6.7), we plot the number of calculated eigenvalues divided
by the width of the allowed range of k, showing that a fast increase of the number of
eigenvalues per unit band width occurs in all cases but for the all-conducting bound-
aries.
Finally we illustrate in Fig.(6.10) how the number of eigenvalues is affected by the
scale, i.e. by the the outer radius Rout, and by the shape, i.e. the value of γ, of the
annular channel. It can be seen that for all kinds of boundary conditions, scaling
up the source and employing a wider channel leads to an increase of the number of
eigenvalues.
We conclude this section by remarking that the claim about the fact that the eigen-
spectrum is densely sampled (Chen and Arnush, 1997; Yano and Walker, 2007) cannot
be given for granted for any set of plasma parameters and boundary conditions. Even
with both insulating boundary conditions indeed, at sufficiently low values of plasma
number density and applied magnetic field the actual number of possible eigenvalues
is very low, as shown in Figs.(6.4, 6.6).
6.6 Wave field patterns
In this section we provide a few examples of the structure of helicon waves in an
annular homogeneous plasma. For the sake of brevity, we report here only the results
for the case of both insulating boundaries, as for the other sets of boundary conditions
the results are qualitatively similar. In all the following cases under analysis, this
representative set of parameters was used: ω = 2pi · 13.56 MHz, m = 1, Rin = 60 mm,
Rout = 84.5 mm.
In Fig.(6.11) we plot the total magnetic and electric field components in all the three
space regions of the problem, i.e. inner vacuum, plasma region and outer vacuum.
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Figure 6.8: Number of eigenvalues as a function of the external magnetic field for the
four different sets of boundary conditions (ω = 2pi · 13.56 MHz, m = 1,
Rin = 60 mm, Rout = 84.5 mm).
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Figure 6.9: Number of eigenvalues divided by the width of the allowed range of k
as a function of the external magnetic field for the four different sets of
boundary conditions (ω = 2pi · 13.56 MHz, m = 1, Rin = 60 mm, Rout =
84.5 mm).
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Figure 6.10: Number of eigenvalues as a function of the outer radius (Rout) and width
(γ) of the annular channel for the four different sets of boundary condi-
tions (ω = 2pi · 13.56 MHz, m = 1, n0 = 1018 m−3, B0 = 750 G).
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This figure illustrates how the boundary conditions are correctly fulfilled, as all the
Figure 6.11: Total magnetic and electric field components for the following set of pa-
rameters: ω = 2pi · 13.56 MHz, m = 1, n0 = 1018 m−3, B0 = 750 G,
Rin = 60 mm, Rout = 84.5 mm. The eigenvalue corresponding to the
plotted solution is k ' 1.1559 m−3 (kmin = 0.859 m−1, kmax = 7.5664 m−1).
magnetic field components and the tangential (θ and z) components of the electric
field are continuous across the boundaries. In general, the wave amplitudes in the
vacuum regions are smaller than those in the plasma, and the radial component of the
magnetic field is smaller than the azimuthal and axial ones. The opposite holds true
for the electric field, whose tangential and axial components are usually much weaker
than the radial component.
In Fig.(6.12-6.15) we plot the total as well as the helicon and Trivelpiece-Gould com-
ponents of the magnetic and electric field and of the current density in the plasma
region for different sets of parameters. We make use of the variable ξ introduced at
the beginning of this chapter to plot the results. Figs.(6.12,6.13) refer to a low-density,
low-field case (n0 = 5 · 1017 m−3, B0 = 500 G), the first corresponding to an eigenvalue
close to the lower bound of the allowed spectrum, the second to an eigenvalue close
to the upper bound. As expected, when the longitudinal wave number is close to the
minimum of the allowed range, the transverse, i.e. radial, wavelength of the helicon
(H) and Trivelpiece-Gould (TG) modes are comparable. Neglecting the presence of
the TG modes would result in relevant mistakes in the interpretation of the observed
wave field patterns. When we take into account a solution whose eigenvalue is close
to the upper bound of the allowed range, as in Fig.(6.12), we see more clearly the typ-
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Figure 6.12: Total, H- and TG-components of magnetic field, electric field and plasma
current density for a low-density, low-field, low-k wave: ω = 2pi · 13.56
MHz, m = 1, n0 = 5 · 1017 m−3, B0 = 500 G, Rin = 60 mm, Rout = 84.5
mm. The eigenvalue corresponding to the plotted solution is k ' 3.4852
m−3 (kmin = 2.5771 m−1, kmax = 13.1482 m−1).
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Figure 6.13: Total, H- and TG-components of magnetic field, electric field and plasma
current density for a low-density, low-field, high-k wave: ω = 2pi · 13.56
MHz, m = 1, n0 = 5 · 1017 m−3, B0 = 500 G, Rin = 60 mm, Rout = 84.5
mm. The eigenvalue corresponding to the plotted solution is k ' 12.6127
m−3 (kmin = 2.5771 m−1, kmax = 13.1482 m−1).
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ical fluctuating character of the TG modes, as the transverse wave number associated
to them is much greater than the one associated to the corresponding helicon mode,
i.e. β2  β1. For the low-density and low-field case just analyzed, the amplitude of
the helicon component of the wave pattern is smaller than the TG one and shows no
radial modulation.
In Figs.(6.14,6.15) the wave patterns for a high-density, high-field case (n0 = 1019
m−3, B0 = 1500 G) are reported, the first referring to an eigenvalue close to the lower
bound of the allowed spectrum, the second close to the upper bound. As in this
case the allowed range of k values is wider than in the low-density, low-field one, it
is more evident the strong difference in transverse wavelengths between helicon and
TG modes for quite different values of k. It is also more evident in this case how,
for the lower eigenvalue, both the amplitude and radial modulation of the H and TG
modes are comparable. For the high-k value, the H mode again shows basically no
radial modulation, while the TG mode is basically a high-spatial frequency fluctuation
superimposed on the H mode. It is interesting to note how even for almost identical
axial wave numbers, i.e. the two low-k cases illustrated in Figs.(6.12,6.14), the wave
patterns are distinctly different, showing how the plasma parameters directly affect its
electromagnetic response to wave propagation.
It is to be noted that the rapidly fluctuating TG modes are most likely not detectable
in real operation, as they would be associated to strong damping (Chen and Arnush,
1997). Indeed it must be noted that in our calculations no damping was taken into ac-
count, following the choice of taking only the real part of the parameter δ in Sec.(6.2.1),
the imaginary part being the one containing the electron collision frequency with neu-
trals and ions. The fact that no damping is associated to the wave fields reported in
the cited figures is also clear by considering that the power effectively deposited by
Joule heating into the plasma, related to the plasma resistance, is given by (Arnush
and Chen, 1998)
P =
1
2
Re
[∫
E · j dV
]
where E is the complex conjugate of the electric field and the integration is carried
out across the whole volume occupied by the plasma. Now, from Eq.(6.7) we see that
the plasma current density is basically obtained by multiplying the magnetic field by
a scalar. But at any given time, axial coordinate z and azimuthal coordinate θ, the
magnetic field, i.e. current density, components are always pi/2 radians out of phase
with respect to the electric field, e.g. when the radial component of the magnetic field,
and plasma current density, is purely real, the corresponding radial component of the
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Figure 6.14: Total, H- and TG-components of magnetic field, electric field and plasma
current density for a high-density, high-field, low-k wave: ω = 2pi · 13.56
MHz, m = 1, n0 = 1019 m−3, B0 = 1500 G, Rin = 60 mm, Rout = 84.5 mm.
The eigenvalue corresponding to the plotted solution is k ' 3.9301 m−3
(kmin = 3.8417 m−1, kmax = 33.8381 m−1).
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Figure 6.15: Total, H- and TG-components of magnetic field, electric field and plasma
current density for a high-density, high-field, high-k wave: ω = 2pi · 13.56
MHz, m = 1, n0 = 1019 m−3, B0 = 1500 G, Rin = 60 mm, Rout = 84.5 mm.
The eigenvalue corresponding to the plotted solution is k ' 33.3335 m−3
(kmin = 3.8417 m−1, kmax = 33.8381 m−1).
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electric field is purely imaginary. This implies that the above integral is perfectly zero.
When we take into account the presence of damping the situation changes. Mathemat-
ically, the fact that the parameter δ is complex changes the relative phases between the
electric field and the plasma current density, so that the above integral is not any more
identically zero and power is effectively deposited into the plasma. Now it must be
noted that when the H and TG mode have very different radial wave numbers, which
occurs for k close to the minimum of the allowed range, the approximate solutions for
the β in Eq.(6.10) hold, and the fact that the parameter δ only appears in the solution
for β2, i.e. for the TG mode, implies that all the damping occurs for these modes and
not for the helicon mode. Moreover, from Eqs.(6.7, 6.18) we see that the argument
of the integral above is proportional to β2j , and since the total wave number for TG
modes is much greater than that for the H modes, we have an additional indication
that the damping occurs almost uniquely for the TG modes and it becomes more im-
portant the higher the total wave number β2. This damping mechanism is what we
mentioned in Sec.(5.4.2), which is due to the absorption of power by the plasma from
the TG modes propagating inside from the boundaries. Another mathematical indi-
cation about the absorption close to the boundary can be obtained by taking the limit
for high-collisional plasmas, in which case the parameter δ becomes purely imaginary.
In this case the transverse wave number T2 of the TG mode becomes negative and
the wave solution inside the plasma must be expressed in terms of modified Bessel
functions K and I, whose decaying trends give an indication of the evanescent nature
of the waves in this case.
6.7 Dispersion relation
It is interesting to check what is the actual dispersion relation for the analyzed waves
which arises from the solutions of the problem discussed in this chapter. In order
to do so, a specific wave mode has to be selected, and the variation with frequency
of the associated wave number has to be checked for different values of the wave
frequency. For the sake of brevity, here we focus again our attention only on the case
with both insulating boundaries, as the results are qualitatively similar for the other
cases. The results for two modes are reported in Fig.(6.16). In order to be coherent in
compiling this kind of information, one has to select a mode whose radial structure is
basically the same at the different excitation frequencies. In order to do so, we chose
two different values of the transverse wave number, specifically T1 ' 50 m−1 and
T1 ' 100 m−1, and for each value of the frequency we looked in the actual discrete
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spectrum for the waves with the closest transverse wave numbers to the chosen ones.
The information that we can draw from Fig.(6.16) is that the dispersion relation is
essentially linear, a trend already observed in cylindrical sources (Chen and Arnush,
1997).
Figure 6.16: Effective dispersion relation for two H modes, respectively with T1 ' 50
and T1 ' 100 (ω = 2pi · 13.56 MHz, m = 1, n0 = 5 · 1018 m−3, B0 = 1000
G, Rin = 60 mm, Rout = 84.5 mm).
6.8 Conclusions
In this chapter we have developed a complete theory for whistler wave propagation in
annularly bounded homogeneous plasmas. A parametric analysis has been carried in
order to highlight the role of the different plasma and geometrical parameters on the
wave propagation mechanism.
The study of the eigenvalue spectrum has shown that the number of possible solu-
tions to the problem, i.e. of eigenvalues, is basically the same for all kinds of boundary
conditions containing at least one insulating boundary with vacuum. The spectrum
in the case of both conducting boundaries is instead definitely less dense. This has
for example the implication that if an annular helicon source were to be used as an
ionization stage for an MPD thruster, it would be preferable to move the anode down-
stream from the back plate and to insert a coaxial dielectric cylinder around the first
portion of the central cathode. This case would indeed correspond to the case of inner
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conducting wall and outer insulating wall, which showed basically no difference in
terms of eigenspectrum density with respect to the usual case with of all insulating
boundaries.
We have shown that both an increase of the plasma density and of the externally
applied magnetic field induces an increase of the density of the spectrum, although the
actual contribution is quite different. The increase of the density of the spectrum with
the plasma density is just a consequence of the fact that the limited range of allowed
longitudinal wave numbers is widened by a larger plasma density. The increase of
the magnetic field, instead, has a profound effect on the response of the plasma, as it
leads to a higher number of eigenvalues despite the fact that the band of the allowed
k values is reduced.
The analysis of the wave fields has shown that the wave patterns are quite dif-
ferent for eigenvalues lying close to the extreme bounds of the allowed spectrum.
For longitudinal wave numbers close to the upper boundary, the helicon (H) and
Trivelpiece-Gould (TG) modes have strongly different radial wave number, and the
overall solution is basically a superposition of a relatively low-amplitude and almost
radially constant H mode and of a high-amplitude, strongly oscillating TG component.
We have described how these oscillations should not be detectable in reality, as they
should be subjected to strong damping at the boundary, which is supposed to be one
of the most important power absorption mechanisms in helicon sources. On the other
hand, solutions associated to longitudinal eigenvalues close to the lower bound of the
allowed spectrum, present H- and TG-modes whose amplitudes and radial modula-
tion are in general comparable, although the actual contribution of each depends also
on the plasma parameters. Finally, we have verified that the actual dispersion relation
for two representative H modes is essentially linear.
A word of caution is due here. We have been talking about helicon plasma sources
as effective plasma generation devices. Nonetheless we have seen that a solution to
the problem can be found only in a certain band of the k-spectrum which depends
on the plasma parameters themselves. This range can be recast in terms of a range of
plasma number densities, in between a minimum and a maximum, in which whistler
wave propagation with a certain longitudinal wave number can occur. In Fig.(6.17)
we plot these values for k = 1, 10, 100 as a function of the magnetic field. It is clear
that below a certain plasma density no helicon wave propagation can take place. This
is somehow counter-intuitive, as we would assume that the helicon waves themselves
are responsible for plasma generation. The point which sometimes is not taken into
account when referring to wave propagation analyses is that the actual number density
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Figure 6.17: Minimum (dashed line) and maximum (solid line) plasma number densi-
ties allowing for whistler wave propagation at k = 1 (blue), k = 10 (red)
and k = 100 (green), being ω = 2pi · 13.56 MHz, m = 1, Rin = 60 mm,
Rout = 84.5 mm.
obviously depends strongly on the actual configuration of the sources and specifically
on the equilibrium power balance which is established among the absorbed power
and the power losses, which in our case are mainly wall losses but also radiation
losses, axial diffusion, etc. In real operation, at the start-up of the source, the initial
coupling is always capacitive or inductive and a change to helicon mode operation
will only be possible if the initial plasma conditions created at ignition are sufficient,
mainly in terms of plasma density, to open up a window of frequencies useful for
whistler waves. Moreover, it will be possible to sustain this coupling mode only if
the equilibrium power balance after the inception of the helicon mode, with increased
power deposition, is again such that the plasma parameters allow for whistler wave
propagation. If the cited requirements are fulfilled, helicon wave propagation and
power absorption can take place and a fast increase of the ionization level can occur.
The last observation leads to the important consideration that the design of a helicon
plasma source cannot only be based on the wave propagation analysis, as a model for
the equilibrium configuration in the source is required. This problem will be tackled
in Ch.(7), where we will present a reduced order model and a parametric analysis of
the equilibrium configuration of annularly bounded magnetized plasmas.
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Equilibrium of magnetized
annular plasmas
7.1 Introduction
At the end of Ch.(6) we pointed out the necessity to have a model for the equilibrium of
a plasma confined in an annular configuration. In this chapter we provide a reduced
order model for the radial equilibrium of an axially homogeneous annular plasma
confined by dielectric walls. The most relevant results of this analysis will be the radial
profiles of the plasma quantities and the value of the plasma production frequency
required to sustain the discharge at equilibrium equilibrium, as well as the energy
fluxes directed to the walls of the annular chamber. A parametric analysis will be
carried and the different operational regimes will be illustrated. This work is based
on the recent works by Sternberg et al. (2006) and (Ahedo, 2009, 2011) on cylindrical
magnetized plasmas.
7.2 Problem formulation
As previously anticipated, in this section we formulate the problem for the radial equi-
librium of an axially homogeneous, stationary and axi-symmetric plasma confined in
an annulus by two concentric dielectric walls. The geometry is completely specified by
the radii of the inner and outer walls, respectively Rin and Rout, or alternatively by the
the outer radius and the parameter γ = Rin/Rout already introduced at the beginning
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of Ch.(6). Use will also be made of the shifted and normalized radial coordinate ξ, in-
troduced in the same chapter. The externally applied DC magnetic field B0 is directed
along the axis of the annulus.
We consider a two-species (electrons and singly ionized ions), quasi-neutral plasma.
This implies that we assume that the Debye length of the plasma λD =
√
(e0kBTe)/(n0e2)
is much smaller than any other characteristic length of the system under analysis, and
as a consequence all non-neutral effects are confined to thin sheaths around the dielec-
tric walls. These sheaths appear as discontinuities in this model, and the solution in
such non-neutral layers is not taken into account. The sheath edges are the effective
boundaries for the plasma in our problem, and are identified with points at which the
sonic Bohm condition is satisfied.
In addition, we assume that both the electron and ion temperatures, respectively
Te and Ti, are radially homogeneous, i.e. constant in the model. This assumption
should not be a major drawback, especially if the annular plasma is sustained via
wave-coupling, which usually leads to a much more homogeneous heating of the
plasma volume than in capacitive or inductive modes. In any case, the inclusion of
energy equations for the ions and electrons brings extremely hard complications into
the analysis, and does not allow for a semi-analytical treatment of the problem aimed
at verifying what are the most important parameters at play. In addition, the actual
power deposition in the plasma depends on the precise shape of the system and on
the kind of coupling which takes place between the power source and the plasma, so
that it is almost impossible to achieve a generalization of the solution.
Following Ahedo (2009), we write the set of governing equations neglecting both az-
imuthal and axial derivatives, coherently with the assumptions previously described.
The subscript e will be used to refer to electron quantities and the subscript i for ions.
The continuity equation reads
1
r
d
dr
(rnur) = nνw . (7.1)
No distinction is made between the electron and ion radial velocity, i.e. ure = uri = ur,
consistently with the hypotheses of quasi-neutrality and of a 1D radial flow, which
prescribes that the radial fluxes of the charged particles must be the same as imposed
by the self-consistent ambipolar electric field. We have also introduced the quantity
νw which is an effective frequency for volumetric plasma production, including both
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ionization and axial diffusion. The radial momentum equation for ions is
miur
dur
dr
−mi u
2
θi
r
= − 1
n
d
dr
(kBTin)− edφdr + eBuθi −mi(νin + νw)ur (7.2)
where uθi is the azimuthal velocity of ions, kB is Boltzmann’s constant, φ is the self-
consistent electric field in the plasma, B is the local magnetic field and νin is the binary
collision frequency between ions and neutrals. We distinguish between the external
magnetic field B0 and the local one B because, as we shall see, in some equilibrium
regimes the azimuthal currents inside the plasma act to shield out the bulk plasma
region from the external DC field. The radial momentum equation for electrons is
instead
meur
dur
dr
−me u
2
θe
r
= − 1
n
d
dr
(kBTen) + e
dφ
dr
− eBuθe −me(νen + νw)ur (7.3)
where uθe is the azimuthal velocity of electrons and νen is the binary collision frequency
between electrons and neutrals. We can now write the azimuthal momentum equation
for electrons
meur
duθe
dr
+ me
uθeur
r
= eBur −me(νen + νw)uθe −meνei(uθe − uθi) (7.4)
where νei is the binary collision frequency between electrons and ions. We then write
the azimuthal momentum equation for ions
miur
duθi
dr
+ mi
uθiur
r
= −eBur −mi(νin + νw)uθi + meνei(uθe − uθi) . (7.5)
Finally, we conclude the set of governing equations by taking into account Ampére’s
equation in the plasma, which describes how the external field is possibly shielded
out by the azimuthal plasma currents:
dB
dr
= µ0en(uθe − uθi) . (7.6)
We point out that in this system of equations we make use of two radial momentum
equations although only one radial velocity exists, as the second radial momentum
equation is actually employed to solve for the the electric potential.
In order to carry out a parametric analysis it is preferable to work with normalized
variables. To this scope we introduce the following set of normalizing quantities: the
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sound velocity cs =
√
kBTe/mi for speeds; Rout for lengths; n0 for the plasma number
density, whose physical significance will be made clear later; the quantity cs/Rout
for frequencies; the electron thermal energy kBTe for energies; the quantity kBTe/e
for the electric potential and finally B0 for the magnetic field. Indicating with a bar
the normalized variables, we obtain the following nondimensional set of governing
equations:
1
r
d
dr
(rnur) = nνw (7.7)
ur
dur
dr
− u
2
θi
r
= −α 1
n
dn
dr
− dφ
dr
+ µωLHBuθi − (νin + νw)ur (7.8)
µ2ur
dur
dr
− u
2
θe
r
= − 1
n
dn
dr
+
dφ
dr
−ωLHBuθe − µ2(νen + νw)ur (7.9)
ur
duθe
dr
+
uθeur
r
= ωLHBur − (νen + νw)uθe − νei(uθe − µuθi) (7.10)
ur
duθi
dr
+
uθiur
r
= −µωLHBur − (νin + νw)uθi + νei(µuθe − µ2uθi) (7.11)
dB
dr
= ωLHβ0n(uθe − µuθi) . (7.12)
Here the following parameters were introduced:
µ =
√
me
mi
square root of electron to ion mass
α = TiTe ion-to-electron temperature ratio
ωc0 =
eB0
me electron cyclotron frequency
ωLH = µωc0 lower-hybrid frequency
β0 =
µ0n0kBTe
B20
half the ratio of thermal to magnetic pressures
νi = νin + νw total ion collision frequency
νe = νen + νei + νw total electron collision frequency .
The normalized versions of the dimensional parameters appear in the set of equations
above. The normalized variable for the azimuthal electron velocity actually refers to a
reduced velocity, that is uθe = u′θe/cs = (µuθe)/cs. The fundamental parameter which
carries information about the magnetization of the plasma is the lower-hybrid fre-
quency. Despite the fact that the physically relevant frequency is the electron cyclotron
frequency, from the system above we can see that the square root of the electron-to-
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ion mass ratio enters the system only as a multiplier of ωc0, so that the effects on the
plasma response of ωc0 and µ are not independent and have an effect only as long as
the combined parameter ωLH varies.
It is now possible to make some simplifications to the above system. First, we
neglect all terms proportional to µ2 in Eq.(7.9). Second, by a comparison of the orders
of magnitude of Eq.(7.10) and Eq.(7.11) we see that uθi ∼ µuθe, which implies that
uθi ∼ µ2uθe, so that the ion azimuthal velocity is negligible and can be taken out of
the system, with the consequence that we will not solve for Eq.(7.11). Once the cited
simplifications are introduced in the system above, the governing equations can be
recast in the following form:(
1+ α
ur
− ur
)
dur
dr
= ωLHBuθe + νiur + (1+ α)
νw
ur
− 1+ α
r
− u
2
θe
r
(7.13)
ur
duθe
dr
= ωLHurB− νeuθe − uθeurr (7.14)
d ln(n)
dr
=
dφ
dr
−ωLHBuθe + u
2
θe
r
(7.15)
dφ
dr
= −αd ln(n)
dr
− ur durdr − νiur (7.16)
dB
dr
= ωLHβ0nuθe (7.17)
Eq.(7.13) has been obtained by making use of the continuity, electron and ion radial
momentum equations, while Eq.(7.14) is the azimuthal electron momentum equation.
Eq.(7.15, 7.16) are respectively electron and ion radial momentum equations. Finally
Eq.(7.17) is Ampére’s equation. Ahedo developed his parametric theory for a cylindri-
cal plasma in two steps, first considering a zero-beta (Ahedo, 2009) and then including
the demagnetizing effect of azimuthal currents in his second work (Ahedo, 2011). Here
we have presented the whole system and we postpone to the results section the analy-
sis of the different operating regimes. In addition, in our system we have retained the
dependence of the plasma response on the ion-to-electron temperature ratio.
It is worth to take once again a look at the nondimensional parameters which enter
the final system of equations. The plasma state is uniquely determined by: the electron
temperature, which implicitly enter the system by means of the normalizing variables;
the ion temperature, whose information is carried by the parameter α; the reference
plasma number density n0, which enters the system only via the parameter β0; the
total electron and ion collisional terms, which enter the system via νe and νi and
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are essentially functions of the electron temperature and neutral pressure; and finally
the external magnetic field, which enters the equations through the variable ωLH.
As already pointed out by Ahedo (2009), the parameter νw is actually an eigenvalue
of the problem, indicating the necessary plasma production frequency in order for
the equilibrium solution to exist, given a certain set of plasma parameters and the
geometrical configuration.
We conclude this section with a final comment on the choice of making use of
constant collision frequencies in the model. This choice is acceptable for the analysis
of the equilibrium of a hot, partially ionized plasma, for which νe ' νen, which only
depend on the electron temperature and on the background neutral pressure. For a
fully ionized plasma, we have instead that νe ' νei ∝ ne. Despite the fact that this
effect could be readily included in the model, we retain here the simplified choice of
constant collision frequency in order to illustrate the fundamental properties of the
radial equilibrium of an annular plasma. In addition Ahedo (2009) has shown that
in the cylindrical case the inclusion of the dependence of the electron-ion collision
frequency on the plasma number density does not change the radial structure of the
flow but lowers the losses to the wall of the tube, so that the model here adopted is
expected to provide conservative estimates about the particle and power fluxes to the
walls.
7.3 Boundary conditions
Before tackling the problem of the imposition of the boundary conditions in the an-
nular case under analysis, we recall what kind of boundary conditions are imposed
in the cylindrical case. In cylindrical configurations, the plasma profile is expected to
peak on the axis of the device, so that the normalizing parameter n0 is simply taken as
the maximum density along the radius, i.e. the density on the axis. As anticipated, the
quasi-neutral model under investigation does not deal with the plasma in the sheaths
on the dielectric wall, and such sheaths are mathematically seen as a discontinuity of
the solution, so that, in accordance with the zero-Debye length hypothesis, the sheath
is assumed to be infinitely thin and the sonic Bohm condition is actually imposed on
the dielectric wall itself. In the cylindrical case there are then six boundary condi-
tions: n(0) = n0, ur(0) = 0, uθe(0) = 0 and φ(0) = 0 on the axis, ur(Rout) = cs and
B(Rout) = B0 on the dielectric wall. In nondimensional form, they read: n(0) = 1,
ur(0) = 0, uθe(0) = 0 and φ(0) = 0 on the axis, ur(1) = 1 and B(1) = 1 on the dielec-
tric wall.These conditions allow to solve for the five variables of the problem and for
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the eigenvalue νw.
The annular case is quite different. The only natural boundary conditions which we
can in principle impose are: ur(1) = 1 and B(1) = 1 at the outer wall and ur(γ) =
−1 on the inner wall, as on the inner sheath the velocity of the particles is directed
towards the axis. We could still fix arbitrarily the value of the electric potential at either
boundary, and even normalize the number density with its value on either boundary,
adding two more boundary conditions. Still, the problem would not be well posed,
as we would lack a boundary condition for the equation of the electron azimuthal
velocity. We overcome this problem by following the procedure proposed below.
Since the radial velocity is positive at the outer edge and negative at the inner one,
and as it must be continuous on the plasma, there has to be a point across the width
of the annular channel where the radial velocity of the plasma becomes null. Let’s
say this happens at the normalized radial position r = δ, that is ur(δ) = 0. Here
comes a question about what happens to the other variables at r = δ. We recall that
in a continuous model a discontinuity can only be admitted on the boundary of the
domain. This implies that all the derivatives of the physical variables of the problem
must be finite inside the volume, i.e. for γ < r < 1. If we look at Eq.(7.14), we see
that in order for the derivative of the azimuthal electron velocity to be finite at r = δ,
it must be uθe(δ) = 0. This implies then that uθe(δ) = 0.
The idea is then to tackle the problem by taking as reference position r = δ, where
we can write down the following boundary conditions for each of the five variables:
ur(δ) = 0 (7.18)
uθe(δ) = 0 (7.19)
φ(δ) = 0 (7.20)
n(δ) = 1 (7.21)
B(δ) = ζ . (7.22)
In writing these boundary conditions, we have then made the assumption that at
point r = δ the plasma number density is n0 and that the normalized magnetic field
is equal to the value ζ. Because of the diamagnetic character of plasmas ((Freidberg,
2007), p.145) it must be 0 < ζ < 1. Obviously the newly introduced parameters δ
and ζ are not known a priori and their values must result from the solution of the
problem itself, i.e. they are actually two additional eigenvalues of the problem. In the
annular problem we have indeed the usual five unknowns described above plus three
eigenvalues (νw, δ and ζ). The corresponding eight constraints of the problem come
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from the application of the five boundary conditions Eq.(7.18-7.22) at r = δ plus two
more boundary conditions at the outer wall
ur(1) = 1 (7.23)
B(1) = 1 (7.24)
and one final boundary condition at the inner wall
ur(γ) = −1 . (7.25)
Some qualitative information can already be inferred from the previously described
considerations and by looking at the form that the system of governing equations takes
at r = δ, i.e.
dur
dr
∣∣∣∣
r=δ
= νw
duθe
dr
∣∣∣∣
r=δ
= ωLHB
d ln(n)
dr
∣∣∣∣
r=δ
= 0
dφ
dr
∣∣∣∣
r=δ
= 0
dB
dr
∣∣∣∣
r=δ
= 0 .
These equations show that the point r = δ coincides with the peak of the plasma den-
sity profile and of the electrical potential. Moreover this point also coincides with the
minimum of the magnetic field in the annular channel. Indeed the magnetic field first
decreases moving inwards from the outer wall, as a consequence of the demagnetizing
azimuthal currents which flow in the region δ < r < 1, and than it starts to increase
again in the region γ < r < δ, still as a consequence of the azimuthal currents, which
change their sign at r = δ. The change in sign of the azimuthal current is a conse-
quence of the change in sign of the radial plasma velocity, which has to fulfill the
Bohm condition at both boundaries, the external magnetic field having the same sign
everywhere.
In the following sections we will perform a parametric analysis of the system of
equations (7.13-7.17), subjected to the boundary conditions (7.18-7.25).
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7.4 Definition of wall losses
Two among the most important quantities from the standpoint of the operation of
plasma sources are the flux of particles lost to the walls and the power flux deposited
into the walls. The particle flux to the wall is simply given by the product of the
plasma radial velocity and number density at the entrance in the sheaths, which in
our model coincides with the boundaries. Recalling the Bohm criterion we have
ΓW = nScs ⇒ ΓW = nS , (7.26)
that is nS coincides with the normalized plasma density and the normalized particle
flux at the sheath entrance. For what concerns the power flux to the walls, considering
a Maxwellian distribution function with an azimuthal drift Ahedo (2009) showed that
the energy deposited per unit plasma flux is equal to
EW =
kBTe
2
+ kBTe ln
√
mi
2pime
+ 2kBTe +
meu2θeS
2
so that the normalized power flux to the walls is given by
qW = ΓW EW = nS
[
1
2
+ ln
1√
2piµ
+ 2+
u2θeS
2
]
.
Evaluating and integrating this power flux over the the inner and outer walls confin-
ing the annular plasma we obtain the entire power deposited into the walls, which
coincides with the required power to sustain the plasma if we do not take into ac-
count axial power fluxes and radiation losses. The expression for the normalized total
deposited power per unit (normalized) length of the source is then
PW = 2pi
{
γn(γ)
[
1
2
+ ln
1√
2piµ
+ 2+
(uθe(γ))
2
2
]
+
n(1)
[
1
2
+ ln
1√
2piµ
+ 2+
(uθe(1))
2
2
]}
.
It is important to point out that the power calculated in this way already contains the
power required for ionization: if we want to achieve a certain peak number density
in a certain annular configuration at a given pressure, the eigenvalue νw determines
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the electron temperature and this electron temperature obviously depends on the ion-
ization energy, whose information is contained in the actual dependence νw ≡ νw(Te).
The power flux described above, being a function of the electron temperature, carries
information about the whole power required to maintain the discharge in the 1D radial
approximation.
7.5 Approximate solutions in the zero-β limit
Before dealing with a complete numerical and parametric analysis of the problem,
it is worth here to analyze two approximate solutions which are valid for specific
ranges of parameters. These approximate solutions will provide us some parametric
relationships which clearly illustrate the importance of a strong magnetization of the
plasma in order to achieve a good radial confinement and reduce the particle losses
to the walls, but will also show how such losses strongly increase in passing from a
cylindrical configuration to an annular one, the scale of the source and the plasma
parameters being the same. In addition, these approximate solutions will give us an
estimate for the eigenvalues of the problem in the range of parameters investigated,
and this will turn out to be of very high importance when attempting to obtain a full
numerical solution of the problem which involves a complicated iterative integration
and eigenvalue-guessing procedure, which is especially cumbersome here since we
have three unknown eigenvalues in the problem.
In this section we will deal with the plasma behavior in the β → 0 limit. This
limit is of interest for relatively low electron number density plasmas in which the
magnitude of the azimuthal currents is sufficiently low that the induced magnetic
field is negligible with respect to the applied one. We remark here that β0 is the
only nondimensional parameter of the problem which carries information about the
absolute plasma density, evaluated at its peak along the radius. This implies that the
β → 0 limit does not correspond necessarily to a regime of high magnetization of the
plasma, which is instead measured by the parameter ωLH, which can be shown to be
proportional to the inverse of the normalized electron Larmor radius.
In Fig.(7.1) we plot the required electron number density in order to have β = 1. It is
clear that the β → 0 approximation is relevant for most situations of interest here, i.e.
for relatively low-pressure, low-temperature plasmas, even for high ionization rates.
From the stand point of the solution of the problem, the β → 0 approximation
implies that B ' 1 everywhere along the radius, so that B can be considered constant
and equal to unity in Eqs.(7.13-7.16), while Eq.(7.17) will only be used to obtain the
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Figure 7.1: Required plasma number density in order to have β = 1, as a function of
the magnetic field and electron temperature.
first order variation of the B by making use of the previously calculated solution. In
this case then the problem reduces to four equations (7.13-7.16) with six boundary
conditions (7.18-7.21, 7.23, 7.25), to be solved for the four variables ur, uθe, ln(n), φ and
the two eigenvalues δ and νw. Below we will solve this problem for different regimes
of collisionality and magnetization of the plasma.
7.5.1 The unmagnetized plasma regime
In this regime we assume that the dynamics of the plasma are governed by collisional
effects while the magnetic field effects are negligible, i.e. ωLH  1. This implies
that the electron azimuthal velocity is negligible and also that νe disappears from
the system of governing equations, leaving νi as the only driving parameter of the
problem. As pointed out by Ahedo, the general radial structure of the plasma consists
of a bulk diffusive region (close to the peak of the the plasma density profile) in which
the inertial terms and the electric field can be neglected in the governing equations,
and of a thin inertial layer close to the entrance in each of the sheaths, where the radial
acceleration of the particles becomes important as a consequence of the pre-sheath
electric field.
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Neglecting the electric field and the inertial terms in Eq.(7.16) we obtain
d ln(n)
dr
= −νi
α
ur .
Making use of the original continuity equation, Eq.(7.7), leads to
d2n
dr2
+
1
r
dn
dr
+ a20n = 0 (7.27)
where
a0 =
√
νiνw
α
. (7.28)
This is a standard zero-order Bessel equation whose general solution is
n(r) = c1 J0(a0r) + c2Y0(a0r) .
We well see that this equation governs also the strongly magnetized plasma regime,
so we postpone the description of its solution to the next section.
7.5.2 The strongly magnetized plasma regime
This regime is characterized by the following ordering
ωLH  νe, νi
which basically means that the dynamics of the charged particles are dominated by
magnetic field effects with respect to collisional and electric field effects. The radial
equilibrium is then a simple balance between the confinement provided by the external
field and the diffusion to the walls driven by the plasma gradients. Again the structure
of the quasi-neutral plasma consists of two regions, a diffusive bulk followed by a thin
layer with strong gradients of the plasma quantities close to each wall.
Following Ahedo’s approach (Ahedo, 2009), the plasma structure in the bulk region
is obtained by neglecting all the inertial terms and the electric field in the system of
equations. From Eq.(7.14) it follows
ur = νe
uθe
ωLH
.
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Neglecting the inertial terms and the electric field in Eq.(7.15) it follows then
d ln(n)
dr
= −ωLHuθe = −ω2LH
ur
νe
.
Substitution of this result in the original continuity equation, Eq.(7.7), leads to the
equation
d2n
dr2
+
1
r
dn
dr
+ a20n = 0
where
a0 = ωLH
√
νw
νe
. (7.29)
As anticipated, this is again a standard zero-order Bessel equation whose general so-
lution is
n(r) = c1 J0(a0r) + c2Y0(a0r) .
We can then obtain the following expression for the radial plasma velocity:
ur(r) = − νe
ω2LH
1
n
dn
dr
(7.30)
= −a0 νe
ω2LH
c1 J1(a0r) + c2Y1(a0r)
c1 J0(a0r) + c2Y0(a0r)
. (7.31)
We recall that this approximate solution is formally valid only in the bulk diffusive
region of the plasma, so in principle we cannot use this solution to explicit the radial
dependence of ur and then apply the boundary conditions. In order to apply the
boundary conditions we have to match the approximate solution in the bulk plasma
with approximate solutions valid in the thin inertial layers close to the walls, in which
inertial terms in Eqs.(7.13,7.14) are not negligible . As shown by Ahedo (2009), the
hypothetical boundaries with these inertial layers take place where uθe ' 1, as this
implies that in Eq.(7.14) duθe/dr ' ωLH, meaning that the first transition to an inertial
region is dominated by the appearance of electron inertia. Retaining just the inertial
terms and neglecting all collisional, production and cylindrical terms in Eqs.(7.13,7.14),
Ahedo showed that the normalized radial extent of each of these inertia layers is d '[√
2 ln(ωLH/νe)
]
/ωLH. Inside this first electron-inertia dominated layer lies an ion-
inertia sub-layer in which ion inertia effects become dominant (this is the only one in
the case of an unmagnetized plasma). Having shown that the inertia layer is very thin
with respect to the radial extent of the bulk plasma (an analogous result holds true for
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the unmagnetized plasma case (Ahedo, 2009)) we can obtain a leading-order solution
by imposing a zero plasma density at the walls. Since both the equation and the
applied boundary conditions are the same as in the unmagnetized case, the solution
to the equation for the plasma density profile will be formally the same, again the only
difference being in the definition of the parameter a0. We impose then
c1 J0(a0γ) + c2Y0(a0γ) = 0
c1 J0(a0) + c2Y0(a0) = 0 .
This is a homogeneous linear system which must have a solution for any choice of
the integration constants c1 and c2, and this is only possible if the determinant of the
system is equal to zero, i.e.
J0(a0γ)Y0(a0)− J0(a0)Y0(a0γ) = 0 .
This equation is the eigenvalue equation which allows us to calculate a0 and then the
eigenvalue νw for any shape of the channel, i.e. for any value of γ. Once this eigen-
value is calculated, the required plasma production frequency νw which is necessary
to sustain the discharge is calculated from Eq.(7.28) in the case of an unmagnetized
plasma and from Eq.(7.29) for the strongly magnetized case.
In Fig.(7.2) we illustrate the variation of a0 as a function of the shape parameter
γ = Rin/Rout. As γ → 0, this parameter tends to the acyl0 ' 2.405 value valid in
the cylindrical case (Ahedo, 2009), and then diverges to infinity as γ → 1. A good
approximation to this curve is given by
a0 ' 3.1231− γ .
It is relevant to point out the differences in between the cylindrical and annular cases
in terms of the production required frequency. Since in both the unmagnetized and
magnetized plasma regimes νw ∝ a20, it follows that, for equal plasma parameters, the
required production frequency in the annular case is much greater than that for the
cylindrical case. Already for γ ' 0.5 there is a two-fold increase of νw with respect to
the cylindrical case, while an order of magnitude of difference is achieved already at
γ ' 0.6.
Applying the two additional boundary conditions Eqs.(7.18, 7.21) we can calculate
the values of the integration constant c1 and of the eigenvalue δ (c2 is expressed as a
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Figure 7.2: Variation of the eigenvalue a0 as a function of the shape parameter γ =
Rin/Rout. This solution is valid both in the unmagnetized and strongly
magnetized regimes.
function of c1 by means of the homogeneous BCs previously imposed for the density
at the walls). The result for the integration constants is
c1 =
Y0(a0)
Y0(a0)J0(a0δ)− J0(a0)Y0(a0δ) , c2 = −
J0(a0)
Y0(a0)J0(a0δ)− J0(a0)Y0(a0δ) .
The second eigenvalue of the problem δ obviously depends on γ, as shown in Fig.(7.3).
It is clear that the narrower the annulus, the closer the point of radial velocity inversion
is to the outer wall.
In the magnetized regime, substitution of the solutions here obtained for the plasma
density and the electron azimuthal velocity allows us to calculate the small variation
of the magnetic field inside the bulk plasma as a consequence of the (small) azimuthal
electron currents. Integrating Eq.(7.17) between r = δ and r = 1 and recalling the
boundary condition in Eq.(7.22) we obtain that the minimum of the magnetic field in
the bulk plasma is
ζ = 1− β , β 1 .
This results gives us confirmation that in the β 1 regime the magnetic field is essen-
tially constant throughout the plasma volume, a result which is also mathematically
identical to the result obtained in the cylindrical case (Ahedo, 2011). What is really
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Figure 7.3: Variation of the eigenvalue δ as a function of the shape parameter γ =
Rin/Rout. This solution is valid both in the unmagnetized and strongly
magnetized regimes.
interesting for the annular configuration is that this result does not depend on the
shape factor γ, i.e. is valid for any normalized width of the annular channel, the only
difference among the several shapes being in the radial position of the minimum, that
is the point r = δ.
In Fig.(7.4) we illustrate the radial profiles of the plasma quantities. It is not surpris-
ing that the radial velocity is higher than unity at the walls, as the BCs for ur are not
imposed in this approximate solutions, being substituted by the zero-density BCs at
the walls.
7.6 Radial profiles of plasma quantities in annular configura-
tions
In this section we will present the results of a parametric analysis of the radial equi-
librium of a plasma in the annular configuration by illustrating the results of the solu-
tion of the full system of governing equations presented in Sec.(7.2). Given the large
number of driving parameters, in this section we investigate the fundamental radial
structure of the plasma by fixing the channel geometry and solving the system assum-
ing α = 0 and β = 0. The ion temperature in helicon sources is known indeed to be
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Figure 7.4: Radial profiles of plasma quantities in the strongly magnetized regime for
several values of the shape parameter γ (ωLH = 10, νi = νi = 1, β = 0.1).
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much lower than the electron temperature, typical values being in the range 0.1− 0.5
eV (Hansen et al., 2010a; Biloiu et al., 2009; Boivin and Scime, 2003; Scime et al., 1998),
to be compared with electron temperatures of up to 10 eV (Palmer and Walker, 2009),
thus justifying the choice concerning the α parameter for the main parametric analysis
that follows.
We recall that the nondimensional collision frequency νe = νei + νen + νw = νe(in) +
νw carries information about the electron collisionality with both neutrals and ions,
and contains in its definition also νw. The normalized ion collisionality νi = νin + νw
instead is given by the sum of the the ion-neutrals collision frequency and of the
plasma production frequency. Since the ion-neutrals collision frequency is propor-
tional to
√
Ti/mi, we neglect this contribution with respect to all the other collision
frequencies, analogously to what done already by Ahedo (2009).
The effects of a variation of the plasma geometry, of a finite ion temperature and of
a finite plasma β will be illustrated respectively in Sec.(7.6.1).
In Figs.(7.5,7.6,7.7) we have reported the radial profiles of the relevant plasma quan-
tities for different levels of magnetization, i.e. of the parameter ωLH and for different
levels of plasma collisionality, as measured by the parameter νe(in). This figures il-
lustrate how with increasing magnetization, i.e. with increasing values of ωLH, a thin
inertial layer is created close to the walls in which most of the radial acceleration to-
wards the sheaths takes place. By comparing the three figures is however evident that
what really matters is the relative magnitude between the collisional and the lower-
hybrid frequencies.
It can also be seen that with increasing magnetization the radial profile of the plasma
density becomes more and more peaked, while the value of the plasma density at the
walls diminishes. These are both indications of an increasing radial confinement of
the plasma provided by the applied magnetic field. Also the azimuthal velocity profile
is strongly dependent on the plasma magnetization, the maximum azimuthal velocity
being directly proportional to the applied field. The reduction of the ambipolar electric
field in the bulk plasma, induced by the presence of the magnetic field as shown by
the plots of the electric potential, also induces a reduction of the plasma radial velocity
in the bulk plasma.
It is finally worth noticing a peculiar feature of the plasma equilibrium in annular
configurations, i.e. the fact that the radial profile of the relevant plasma quantities are
in general not symmetric around the mid-diameter, i.e. ξ = 0.5. Increasing the plasma
magnetization tends to reduce this asymmetry.
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Figure 7.5: Radial profiles of plasma quantities with νe(in) = 1 as a function of different
plasma magnetization levels: ωLH = 0 (blue), ωLH = 10 (red), ωLH = 20
(green), ωLH = 40 (black). Other parameters are γ = 0.5, νin = 0, α = 0,
β = 0.
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Figure 7.6: Radial profiles of plasma quantities with νe(in) = 10 as a function of dif-
ferent plasma magnetization levels: ωLH = 0 (blue), ωLH = 10 (red),
ωLH = 20 (green), ωLH = 40 (black). Other parameters are γ = 0.5, νin = 0,
α = 0, β = 0.
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Figure 7.7: Radial profiles of plasma quantities with νe(in) = 50 as a function of dif-
ferent plasma magnetization levels: ωLH = 0 (blue), ωLH = 10 (red),
ωLH = 20 (green), ωLH = 40 (black). Other parameters are γ = 0.5, νin = 0,
α = 0, β = 0.
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7.6.1 Effect of channel geometry, finite ion temperature and finite β
In this section we illustrate the variations in the radial structure of the annular plasma
induced by variations in the channel geometry and by finite values of the ion temper-
ature and plasma β.
In Fig.(7.8) we report the solutions for γ = 0.8 and νe(in) = 10. Comparing this
figure with Fig.(7.6) we see that for a narrower channel, that is for a higher value of
γ, the magnetization of the plasma is lower for the same value of applied magnetic
field, as illustrated by the correspondingly higher values of the plasma density at the
walls and by the fact that the diffusive bulk region has a shorter radial extent, giving
correspondingly higher values of the ambipolar electric field in the bulk region. On
the other hand, the solution in the narrower channel seems to be more symmetric
around the mid-diameter of the source.
In Fig.(7.9) we illustrate the solutions for γ = 0.5 and νe(in) = 10 and assuming a
finite value of the ion temperature, expressed by α = 0.2 (β = 0). We observe that
basically the only difference with respect to the corresponding zero-ion-temperature
case illustrated in Fig.(7.6) is the fact that, at sufficiently high magnetization of the
plasma, the radial profile of the electric potential is not monotone but shows a bump
in between the core plasma region and the strong decrease close to the sheath entrance
at the walls. A similar phenomenon has already been observed in analyses on the ra-
dial equilibrium of cylindrical sources (Tonks, 1939). Ahedo (2009) has shown indeed
that at high magnetization an electric potential inversion occurs, whose magnitude is
proportional to αωLH.
The effect of a finite value of the β parameter is illustrated in Fig.(7.10), in which
the results for γ = 0.5 and νe(in) = 10 and β = 0.2 are reported (α = 0). Analogously
to what observed for the finite ion temperature case, the case with the finite beta is
basically identical to the zero-beta case in Fig.(7.6) but for the radial profile of the
magnetic field, which presents a valley in the middle of the annular channel as a
consequence of the screening effect of the azimuthal currents flowing in the exterior
half of the channel, close to the outer wall. As expected, the magnetic field is minimum
at the point r = δ and then increases again towards the inner wall. These results are
in accordance with the approximate solution obtained in Sec.(7.5.2), as for ωLH the
minimum value of the normalized field is min(B) = ζ ' 1− β, but they also show
that the screening effect also strongly depends on the plasma magnetization. It is
also interesting to note that the magnetic field at the inner wall, and then in the inner
vacuum region of the source, is not in general equal to the applied field, the actual
value obviously depending on the plasma β and on the magnetization.
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Figure 7.8: Radial profiles of plasma quantities with νe(in) = 10 as a function of dif-
ferent plasma magnetization levels: ωLH = 0 (blue), ωLH = 10 (red),
ωLH = 20 (green), ωLH = 40 (black). Other parameters are γ = 0.8, νin = 0,
α = 0, β = 0.
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Figure 7.9: Radial profiles of plasma quantities with νe(in) = 10 as a function of dif-
ferent plasma magnetization levels: ωLH = 0 (blue), ωLH = 10 (red),
ωLH = 20 (green), ωLH = 40 (black). Other parameters are γ = 0.5, νin = 0,
α = 0.2, β = 0.
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Figure 7.10: Radial profiles of plasma quantities with νe(in) = 10 as a function of dif-
ferent plasma magnetization levels: ωLH = 0 (blue), ωLH = 10 (red),
ωLH = 20 (green), ωLH = 40 (black). Other parameters are γ = 0.5,
νin = 0, α = 0, β = 0.2.
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7.7 Eigenvalues and wall quantities
Each solution of the system of governing equations analyzed in this chapter is based
on an iterative procedure which allows to find the eigenvalues of the problem for a
certain set of plasma parameters. As previously described, this procedure is definitely
more complicated in the annular configuration than in the cylindrical one, as in our
case we have three unknown eigenvalues νw, δ and ζ to be found, versus the only
eigenvalue νw of the cylindrical case. This difficulty is partly reduced if we β = 0, in
which case ζ = 1 for any choice of the remaining parameters. In Fig.(7.11) we report
the variation of the plasma production frequency νw as a function of ωLH for various
choices of plasma parameters. It is evident that at low and intermediate magnetiza-
Figure 7.11: Variation of the plasma production frequency with ωLH and different val-
ues of the remaining parameters.
tion levels of the plasma, strong differences in the plasma production frequency occur
for different annular channel widths. The approximate solutions found in Sec.(7.5)
showed that these strong differences should occur both at very low and very high
magnetization, but since at high magnetization the νw → 0, a result which is evident
both from the approximate and the full solutions of the problem, differences of νw at
high magnetization for different values of γ are relatively lower than at low magne-
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tization. The results in Fig.(7.11) also show that for a given channel width, i.e. value
of γ, the application of the magnetic field is extremely effective at reducing the value
of the required production frequency, although its effectiveness is affected by the level
of plasma collisionality, as a higher collision frequency requires higher values of the
external magnetic field, i.e. of ωLH in order to have the same value of νw. Nonetheless
the comparison of the blue curve marked with circles and the green curve marked
with circles in Fig.(7.5) suggests that, for example, in order to have νw = 1 a factor
of 50 increase in the plasma collisionality requires only a factor of ∼ 3.5 increase of
the applied magnetic field, thus giving quantitative confirmation of the effectiveness
of magnetic confinement, also for annular geometries.
Analogously to what done for νw, in Fig.(7.12) we report the variation of the eigen-
value δ, i.e. the normalized position of the plasma density peak, showing that this
eigenvalue is almost uniquely dependent on the normalized channel width, i.e. on
the value of γ. These results confirms that the similar result already found for the
approximate solutions in Sec.(7.5) are actually valid also with intermediate choices of
the parameter. It is interesting to look at Fig.(7.13) in which we have plotted the
Figure 7.12: Variation of the eigenvalue δ with ωLH and different values of the remain-
ing parameters.
variation of the location of the plasma density peak but in terms of the scaled variable
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Figure 7.13: Variation of the scaled position of the plasma density peak ξδ =
δ− γ
1− γ
with ωLH and different values of the remaining parameters.
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ξ. We recall that such location corresponds to r = δ, which by definition of the scaled
variable ξ = (r − γ)/(1− γ) corresponds to ξδ = (δ− γ)/(1− γ). This plot reveals
that also for quite different choices of the plasma parameters we find 0.4 < ξδ < 0.5.
Since ξ = 0.5 corresponds to the mid-diameter of the annular channel (for any choice
of Rout and Rin), this implies that the plasma density profile is always slightly asym-
metric with respect to the mid diameter. ξδ tends to increase with increasing values
of ωLH and γ, meaning that a stronger plasma magnetization and a narrower channel
lead to a more symmetric plasma radial profile in the channel.
We conclude this section by illustrating the variation of the eigenvalue ζ in case
of finite-β plasmas. In Fig.(7.14) the variation of ζ with ωLH is reported, showing
that at low magnetization this eigenvalue is obviously close to unity, which indicates
the absence of any screening of the external magnetic field. With increasing plasma
magnetization ζ tends to a value close to the one obtained in the approximate solutions
in Sec.(7.5), i.e. ζ = 1− β, the difference in the two values being ascribable to the finite
plasma collisionality.
Figure 7.14: Variation of the eigenvalue ζ with ωLH for a β = 0.2 plasma.
7.8 Wall fluxes
As outlined in Sec.(7.4), two important quantities from the standpoint of the plasma
source operation are the particle and power losses to the walls of the channel. In
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Figs.(7.15, 7.16) we plot the variation of the particle fluxes respectively to the inner
and outer wall and the total one, given by the sum of the previous two. The trends
Figure 7.15: Variation of the particle fluxes to the inner wall (top), to the outer wall
(middle) and the total one (bottom) as a function of ωLH and different
values of the remaining parameters.
are similar to what already observed about the plasma production frequency, that is
that the wall losses are strongly decreased by sufficient plasma magnetization, and
that the only other parameters that affect the particle and power fluxes are the plasma
collisionality and the width of the channel, the losses being greater he grater the col-
lision frequencies and the narrower the annular channel. A finite ion temperature or
plasma β have basically no major effect on the wall losses. No relevant differences be-
tween the losses at the inner and outer walls can be noticed, the only exception being
at high collisionality and low/intermediate magnetization, for which the power flux
to the outer wall is slightly larger than that at the inner wall. This is coherent with the
results in Fig.(7.13), which show that this is indeed the case in which the asymmetry
of the radial plasma profiles is more pronounced.
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Figure 7.16: Variation of the power fluxes to the inner wall (top), to the outer wall
(middle) and the total one (bottom) as a function of ωLH and different
values of the remaining parameters.
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7.9 Conclusions
In this chapter we have presented a model for the analysis of the radial equilibrium
of an isothermal two-species plasma confined in an annular channel by two insulating
walls and subjected to an externally applied DC magnetic field in the axial direction.
In this reduced order model, the plasma is assumed to be sufficiently long that all
the axial diffusion and convection effects can be condensed into an effective plasma
production frequency, which obviously takes also into account plasma ionization. The
general form of the governing equations has been derived and some simplifications of
the problem have been introduced, based on physical arguments and on typical ranges
of plasma parameters encountered in low-temperature RF-driven plasma sources, such
as helicon sources. The simplified system of equations has been non-dimensionalized
in order to point out what are the actual physical driving parameters of the problem.
The imposition of the boundary conditions in the problem has shown some major
differences with respect to the cylindrical configuration in terms of the mathematical
procedure to solve the problem. In particular, we have shown that the problem un-
der analysis requires the solution of a system of coupled, nonlinear boundary value
problems which, in the general case, presents five unknowns and three eigenvalues,
making the solution of the problem in the annular configuration more cumbersome
with respect to the cylindrical case. A procedure has been devised to numerically
integrate this system, based on the integration of the equations in two steps, starting
from an a priori unknown point in the channel and moving towards the inner and
outer walls. An iterative solution allows for finding the right values of the eigenvalues
for a given set of plasma parameters, based on the fact that the sonic Bohm condition
has to be fulfilled at the entrance in the two sheaths and that the magnetic field in the
plasma at the outer wall be equal to the external one.
By performing an analysis of the problem in the two extreme cases of very low or
very high plasma magnetization, we have provided a series of analytical approximate
solutions to the problem which offered some important information about the radial
structure of the plasma, showing the presence of a bulk diffusive region surrounded
by two inertia layers close to the walls of the channel. This inertia layers becomes
thinner the higher the plasma magnetization. In addition these approximate solutions
provide semi-analytical expressions for the eigenvalues of the problem, which can then
be used as starting points in the iterative procedure for the full numerical solution.
The numerical solution of the problem for different choices of the plasma parameters
has confirmed the effectiveness of an externally applied magnetic field in confining the
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plasma inside the channel, providing a more peaked plasma density profile around the
mid-diameter of the channel and strongly reducing the particle and power losses to
the walls. The actual role played by the plasma magnetization depends also on the
plasma collisionality, as a higher collision frequency tends to counteract the effect of
the magnetic field, thus leading to a flatter density profile and greater wall losses.
The approximate solutions previously described indicate that the plasma production
frequency required to sustain the discharge in an annular channel is much higher
than in a cylindrical source, the scale of the source and the plasma parameters being
the same. These differences are more evident at low and intermediate magnetization
levels, as at high magnetization the absolute value of the plasma production frequency
tends to be very small.
The solutions presented in this chapter have also shown that narrower channels are
affected by higher losses, the plasma parameters being the same, which is coherent
with the evident higher radial density gradients, which lead to a higher diffusion to
the walls. On the other hand, we have shown that finite but small values of other
parameters such as the ion temperature and the plasma β, taken in the range of values
usually encountered in RF-driven plasma sources, do not affect strongly the plasma
response and the wall losses. The major effect of a finite ion temperature is that at high
plasma magnetization the electric potential is not monotone and presents a bump in
between the mid-diameter and the sheath entrance, a phenomenon already observed
in cylindrical sources. A finite but small value of β induces a partial screening of the
external magnetic field as a consequence of the azimuthal electron currents flowing in
the channel.
The presented model is a first attempt to provide a quantitative description of the
equilibrium of a magnetized annular plasma, whose validity will have to be checked
with experimental investigations. Once validated, it could prove useful in the prelim-
inary design phase of an annular plasma source and in inferring information about
some of the plasma quantities by direct measurement of others.
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Neutral gas expansion in a
helicon chamber
8.1 Introduction
The results obtained in Ch.(7) have shown that the plasma collisionality has a notice-
able impact on the equilibrium of the plasma in the annular configuration and also on
the effectiveness of the externally applied magnetic field in providing proper plasma
confinement in order to reduce the particle and power losses to the walls of the cham-
ber. We anticipate here that the only published results on the operation of an annular
source (Palmer and Walker, 2009) reported relatively low values of the measured elec-
tron number density, in the order of 1017 m−3, and relatively high values of electron
temperature, up to 10 eV. These values are typical of weakly ionized, relatively hot
plasmas, for which we can expect the collisions between the electrons and neutrals to
be relevant.
Although many areas of helicon source operation have been investigated, the role
played by neutral particles (i.e., the way the neutral particles influence the operation
and efficiency of the source) and their distribution in the source is not fully under-
stood, even for cylindrical sources. In many helicon experiments for basic plasma
research, the discharge chamber is composed of a small diameter (2− 10 cm), rela-
tively long (0.5− 1.75 m) Pyrex® or quartz tube (aspect ratio, i.e., diameter-to-length
ratio, between 0.03 and 0.2), with the exhaust end directly connected to a vacuum port.
The facility back pressure is typically 0.1− 20× 10−3 torr (Boswell, 1984; Chen, 1992;
Chen et al., 1996; Blackwell and Chen, 1997; Gilland et al., 1998; Rayner and Cheetam,
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1999; Balkey et al., 2001; Panevsky and Bengston, 2004; Tysk et al., 2004; Guittienne
et al., 2005). Because of the physical geometry of this configuration, it is not possible
to distinguish between facility pressure and the pressure inside the tube. In other
configurations, the exit of the insulating tube is connected to an evacuated vacuum
chamber of comparable or slightly larger size (most values of vacuum chamber-to-
tube diameter ratio are much lower than 10) (Degeling et al., 1996; Kline et al., 2002;
Kramer et al., 2002; Wiebold et al., 2011; Lee et al., 2011; Lemmer et al., 2009; Toki et al.,
2006; Charles and Boswell, 2004). Experiments of propulsive interest usually involve
the use of open-ended cylindrical tubes of higher aspect ratio (typical values around
0.5) and require the entire helicon source (magnets, antenna, and insulating tube) to be
placed inside a relatively large vacuum chamber (the ratio of chamber-to-tube diame-
ter usually being 15− 30) (Charles et al., 2008; West et al., 2008; Williams and Walker,
2011), so that the flow expands into a vacuum environment, which is representative
of the on-orbit environment. These testing and operating configurations are such that
direct expansion of the neutral flow in vacuum occurs, and the homogeneity of the
neutral particle distribution in the source has to be assessed.
The neutral particle density distribution within the discharge chamber of the heli-
con source affects both the ionization and ion acceleration processes: ion production
depends directly on electron-neutral collisions, and ion acceleration is impeded by ion-
neutral collisions. The neutral particle distribution inside the tube, with respect to the
position of the RF antenna, strongly affects the deposition of power into the propellant
gas and hence the plasma production and overall efficiency of the device (Miljiak and
Chen, 1998). Moreover, knowledge of the neutral particle density distribution within
the device will assist with the development of appropriate minimum facility pressure
limits for testing of both cylindrical and annular sources and will also foster the un-
derstanding of the importance of charge-exchange (CEX) collisions in the plume of
helicon thrusters. Facility pressure and the impact of CEX collisions are known limit-
ing factors in other high-specific-impulse devices such as ion and Hall-effect thrusters
(Goebel and Katz, 2008). In addition to this, in Sec.(5.4.3) we have described the neu-
tral pumping phenomenon, i.e. the depletion of neutral particles from the core region
of the source which leads to limitations in the attainable plasma density and ioniza-
tion efficiency. The design of the propellant injection system is also believed to play a
major role in the neutral pumping phenomenon (Miljiak and Chen, 1998). Although
neutral pumping is strictly related to the plasma equilibrium configuration (as previ-
ously stated, it is strongly affected by neutral particle heating and ion diffusion), in
this work, we focus our attention on the cold neutral particle density evolution in the
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discharge chamber, because it has a non-negligible effect on the discharge equilibrium.
Previous direct measurements of the neutral particle density distribution were made
with the discharge turned on, either by means of pressure gauges (Gilland et al.,
1998; Yun et al., 2000; Tynan, 1999) (i.e., capacitive manometers or barometers) or by
means of non-intrusive, laser-driven optical systems (Keesee and Scime, 2006; Aanes-
land et al., 2007). The uncertainty in neutral particle density measurements obtained
with a pressure gauge within a plasma is large because the gauge cannot discriminate
between neutral gas density depletion and neutral gas heating (i.e., the pressure in the
non-isothermal gas present in an RF discharge depends on both the neutral particle
density and temperature, so that a variation in the neutral pressure cannot be a pri-
ori related to a variation of the particle density). Moreover, the physical presence of
the probe in the flow can strongly alter the original flow pattern. Spectroscopic ap-
proaches can measure the neutral gas temperature and overcome the limitations of the
barometer measurements (Shimada et al., 2007). Spectroscopic techniques are based
on the evaluation of the rotational temperature of a trace (∼ 5% by mass) molecular
gas, such as N2 , injected into the main feed gas. The translational temperature of
the main feed gas is assumed to be equal to the rotational temperature of the trace
molecular gas. However, the analysis of many of these optical measurements often
requires the development of complex collisional-radiative models for the calculation
of atomic excited states and the interpretation of the light collected from the plasma.
These models can introduce significant uncertainty into neutral particle density mea-
surements because of the uncertainties related to the description of the collisional and
diffusive phenomena and to the detailed knowledge of the necessary physical proper-
ties, such as the dependence of the collisional cross sections as a function of particle
temperatures (electron temperature, heavy species translational temperature, and ro-
tational and vibrational temperature of molecular gases) (Iordanova et al., 2008).
At the High Power Electric Propulsion Laboratory of the Georgia Institute of Tech-
nology an activity has been carried with the primary goal to measure the neutral
background pressure in a cylindrical source, i.e. in conditions without any external
RF source1. These results have then been used to validate a numerical code to be used
for analogous calculations in similar cylindrical as well as annular sources. The results
of the simulations have also given some insights on the possible role of the design of
the injection system in enhancing the problem of neutral pumping in the source, which
was described in Sec.(5.4.3). Knowledge of the cold2 neutral particle density distribu-
1This activity has been carried together with Dr. Alex Kieckhafer.
2In what follows the terms "cold" and "hot" are used to refer to quantities before and after the RF power
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tion in the source can be used to better understand the previously cited mechanisms
of neutral depletion, and to guide in the design of a propellant injection system that
mitigates the neutral pumping effect and improves the overall operation of the helicon
source. In addition, this will allow to validate a reliable procedure for the determina-
tion the cold neutral background flow, based on the direct comparison of experimental
data obtained with a simple setup and the numerical results of readily available com-
putational tools, which could prove to be a valuable tool for design improvements.
The goal of this work is indeed to highlight the importance of cold neutral particle
dynamics by means of experimental and numerical simulations, as well as to assess
the effectiveness of the selected geometry of the tube and the feeding ports, to obtain a
desired neutral particle distribution. The numerical simulations are validated with ex-
perimentally measured axial neutral pressure profiles along the wall of the insulating
tube.
In Sec.(8.2), we describe the experimental apparatus employed for the wall pressure
measurements, and in Sec.(8.3), the numerical direct simulation Monte Carlo (DSMC)
code is described. Section (8.4) is devoted to the discussion of both the experimental
and numerical results.
8.2 Experimental Apparatus
All tests were performed in vacuum test facility 1 (VTF−1) at the High Power Elec-
tric Propulsion Laboratory of the Georgia Institute of Technology, which is shown in
Fig.(8.1-a). The facility consists of a 4-m-diam by 7-m-long cylindrical stainless steel
vacuum chamber. The facility is evacuated to a pressure of approximately 1.5× 102
torr N2 by a pair of Oerlikon Leybold RA5001 roots pumps, capable of a combined
pump rate of 3600 l/s. High vacuum is achieved through six 1.5-m-diam diffusion
pumps, capable of a combined pump rate of 600, 000 l/s on nitrogen, and achieving a
facility base pressure below 1× 10−6 torr. Facility pressure is measured by two Var-
ian 571 Bayard-Alpert ionization gauges, controlled by a Varian XGS-600 ion gauge
controller. Uncertainty in the facility pressure measurements is approximately 20%.
Argon and xenon gases are supplied by an MKS 1179A mass flow controller con-
nected to an MKS 247 power supply/readout, with a combined accuracy of 1% of set
point. The mass flow system was calibrated by observing the pressure rise in a 0.959
l calibration plenum and calculating mass flow from the pressure rise and physical
properties of the gas.
is turned on, respectively.
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Figure 8.1: Experimental apparatus: a) VTF−1 (helicon tube in gray), b) helicon tube
setup.
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Fig.(8.1-b) shows a scheme of the cylindrical tube used for the pressure measure-
ments, which is manufactured to similar dimensions as the helicon double-layer thruster
(Charles and Boswell, 2004). The tube is fabricated from acrylic and is 29.2 cm long
and 13.3 cm in diameter (inner wall). The helicon tube has 23 ports drilled in the wall
at 12.7 0.025 mm intervals, which provide access to the pressure at the tube wall. Each
port has a nylon tube with a self-sealing valve attached to it, so that gas cannot escape
except when the pressure sensor is attached. The pressure sensor is an MKS model
626 Baratron pressure gauge with a maximum range of 101 torr and an accuracy of
0.5%, connected to an MKS PDR2000 power supply and readout. The Baratron pres-
sure gauge is mounted on a moveable arm with a vertical translation range of 50 mm,
which allows the sensor to be lowered onto a port for measurement, then raised so
that the Baratron pressure gauge can be moved to another port by means of an auto-
mated Parker Daedal linear motion table. The pressure is measured along the wall to
minimize perturbations to the neutral flow dynamics within the cylinder.
Pressure at the wall of the helicon tube is measured for argon and xenon at mass
flow rates from 0 to 200 sccm (0 to ∼ 5.98 mg/s in argon; 0 to ∼ 19.65 mg/s in xenon)
with increments of 25 sccm (∼ 0.75 mg/s in argon; ∼ 2.46 mg/s in xenon). The
VTF−1 facility reaches a steady pressure within 30 s of a change in mass flow rate.
To move the Baratron pressure gauge between the pressure measurement wall ports,
an arm first raises the pressure gauge to disengage it from the active port, the motion
table then moves the Baratron pressure gauge to the next port, then the arm lowers
the pressure gauge into the port until the self-sealing valve in the pressure port fitting
opens. The Baratron pressure gauge reading is zeroed upon arrival at each wall port
to avoid zero drift due to changes in the inclination of the sensor. At facility pressures
less than the 5× 105 torr, the minimum measurable pressure of the Baratron pressure
gauge, the gauge reading is set to zero. At higher facility pressures, the Baratron
pressure gauge reading is set to the facility pressure. The 95% confidence intervals
for the pressure measurements, as calculated by the analysis of variance method, are
7.0× 105 torr Xe and 5.0× 105 torr Ar.
8.3 Direct Simulation Monte Carlo Simulations
The use of hybrid DSMC-particle-in-cell (PIC) codes is well established in the electric
propulsion (EP) community to investigate the performance of electric thrusters and the
interaction of their plumes with spacecraft (Oh and Hastings, 1996; Boyd, 2000, 2006;
Choi et al., 2008; Passaro et al., 2010). The DSMC method (Bird, 1994) is employed to
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model heavy particle collisions, whereas the PIC method models ion motions in elec-
tric fields (Birdsall and Langdon, 1991). DSMC codes, without the PIC portion, have
also been employed to investigate the cold neutral flow from EP devices into large vac-
uum chambers (Boyd et al., 1998; Walker et al., 2004), showing very good agreement
with experimental data. This work uses the freely distributed two-dimensional DSMC
code DS2V developed by Bird, which is widely used in research communities and
takes advantage of recently developed advanced numerical techniques for DSMC cal-
culations (Bird, 2012). Simulation of collisions between particles is based on a modified
version of the quantum vibration model, which allows for exact energy equipartition
among the different energy modes (Bird, 2012). Although proper chemical models are
implemented, which take into account molecular dissociation and ionization (and the
respective inverse reactions), in our case (given the nature of the simulated gases and
the relatively low temperatures involved) only neutral particles are present. The flow
in the cylindrical discharge tube is modeled as axisymmetric and only half of the r−z
plane is employed in the calculations. The symmetry axis is positioned on the lower
boundary of the bounding rectangle of the computational domain. Preloaded specific
gas models for argon and xenon were selected in the graphical interface of the code.
The initial condition for our simulations is full vacuum. The simulations are complete
when the number of particles in the computational domain reaches an asymptote and
the wall pressure profile remains constant between two consecutive updates of the
model output. Manual adjustments of the number of simulated molecules and adap-
tion of cell size are performed during the calculations to ensure that the criterion for
a good DSMC simulation (i.e., the ratio of the mean local separation between collision
partners and the local mean free path being much lower than unity) is fulfilled (Bird,
2012). The average number of simulated particles at steady state is 1.2× 106 , whereas
the average number of collision cells is 1.5× 105 ; the time step is adaptively calculated
by the code to satisfy the aforementioned criterion over the entire simulation domain.
Because the only datum for each simulation is the mass flow rate, we must set the
inlet gas velocity or density to initiate the simulation. In general, the actual values may
depend on many factors, which include feed system design, mass flow rate, helicon
tube geometry, and facility back pressure. The feed system affects the inlet gas velocity
because it causes a drop in pressure (both concentrated and distributed) between the
exit of the propellant gas bottle and the inlet to the discharge chamber due to the
viscous effects in the feed lines. Mass flow rate directly affects the inlet velocity as
very high mass flow rates will exhibit higher pressure drop at the inlet section between
the region upstream of the injection port, where the gas flows from the pressurized
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bottle, and the region downstream of it, where the flow is directly affected by the
evacuated facility pressure. On the other hand, very low mass flow rates can lead
to transitional or even free molecular flow inside the feeding lines themselves. The
geometry of the insulating tube of the helicon determines the dynamics of the gas
expansion and diffusion from the inlet port, which determines the local value of the
static pressure. System back pressure determines the downstream pressure in case
of subsonic flows or the position and shape of the sonic boundary in case of sub-to-
supersonic expansion. The choice of the inlet density or velocity has a strong effect on
the results and is discussed later.
Given the high number of possible variables in the problem and the practical impos-
sibility to take them into account in a reliable way, we chose to use one of the two inlet
values (density and velocity) as a free parameter and to compare the wall pressure
data obtained from the DSMC simulations with the experiments. Through iteration,
we identify the value of the free parameter that gives the best agreement with the
experimental values. Explicitly, best agreement is defined as the lowest global error,
calculated as
√
∑
(
(pexp − pDSMC)/(pexp)
)2, where pexp is the measured value of the
neutral pressure at the wall, pDSMC is the corresponding value calculated with the
DSMC code, and the sum is taken over all the measured experimental points on the
tube wall. This procedure allows for a more precise comparison with the experimental
data than assigning a priori a sonic condition at the inlet (Boyd et al., 1998). To make
comparisons easier, given the different gases used, the inlet Mach number is taken as
a variable parameter. As anticipated, the inlet conditions have a non negligible effect
on the wall pressure profile, mainly in terms of absolute magnitude. As expected, a
reduction in the inlet Mach number leads to an increase in the static wall pressure.
Note that the flow inside the discharge chamber is subsonic. The inlet Mach number
is iterated in 1/32 increments to obtain the flow solution. Greater accuracy in finding
the inlet Mach number is possible, but 1/32 increments provide acceptable resolution
of the inlet Mach number for the scope of this work.
Initially, simulations are performed within a computational domain with the same
physical dimensions as the VTF−1. Diffuse reflection and full temperature accommo-
dation are assumed at the chamber and tube walls.
The diffusion pumps are simulated as an interface with vacuum on the outer wall
of the chamber. The axial extent of this interface is chosen so that its surface area is
equal to the actual total surface of the pumps. This case is referred to as the large-
volume case. Given the relatively high number of simulations required, an analysis of
the sensitivity of the results to the computational domain dimensions is performed. A
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compromise between accuracy of the results and computational effort was to choose
a computational domain that spans 2 m in the axial direction and 1 m in the radial
direction, with all boundaries (but for the lower one coinciding with the symmetry
axis of the flow) set as interfaces with vacuum. This case is referred to as the reduced-
volume case.
8.4 Results and Discussion
This section validates the numerical results through comparison with the experimen-
tally measured cold neutral wall pressure profile. The results of the simulation are
then used to understand the neutral particle density distribution within the cylindri-
cal helicon chamber.
Fig.(8.2) shows a comparison of the wall pressure measurements in argon at 25 sccm
mass flow rate, with the DSMC simulations both in the large- and reduced-volume
cases. First, these plots give an example of the dependence of the simulated wall pres-
sure on the inlet Mach number of the gas. As anticipated, higher inlet Mach numbers
lead to lower average values of the wall pressure. In this case, the best agreement
is found to be for an inlet Mach number of 6/32. The choice to employ a reduced
computational domain is validated here because it does not have a large effect on the
numerical results for the wall pressure (in the M = 0.5 case, they are completely su-
perimposed). The only noticeable differences between the large- and reduced-volume
cases arise at the very first portion of the tube, which will be discussed later, and
for the case of sonic inlet, which is very far from the measured values and thus not
considered important. Results for different mass flow rates both in argon and xenon
exhibit the same qualitative properties.
Figs.(8.3) show the experimental data and corresponding simulation results for all
of the argon and xenon mass flow rates investigated. The agreement between the ex-
perimental data and simulation results is in general fairly good, with average relative
error below 10% and local maximum error around 30% in the worst cases (mainly in
the upstream region for argon simulations and at the downstream end of the chan-
nel for xenon simulations). For all the cases, the inlet Mach number giving the best
agreement is around 5/32, even if in some cases an even more accurate choice of this
parameter would lead to closer results with the experimental data, especially for some
of the cases with xenon. A common pattern, which is both experimentally and nu-
merically detected, is the fact that the cold neutral pressure at the wall is not at all
constant, as would be desirable in terms of uniformity of the neutral background, nor
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Figure 8.2: Experimental (dots) and numerical wall pressure: large (gray) and reduced
(black) volume (25 sccm argon mass flow rate).
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Figure 8.3: Experimental (dots) and numerical wall pressure (inlet Mach for best agree-
ment): a) argon, b) xenon.
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monotonically decreasing, as would be expected from an expansion into vacuum, but
peaks approximately 10 cm from the back plate. The reason is easily found by look-
ing at Fig.(8.4), in which the streamlines in the first half of the channel are traced in
the case of a 100 sccm argon flow rate (same qualitative result holds true in the other
cases). The upper-left corner in the r-z plane is characterized by a large recirculating
flow structure, which is responsible for the local lowering of the static pressure at the
wall. The presence of this structure is likely due to the feed strategy: injection of pro-
pellant through a central hole on the axis of the device does not allow for a smooth
expansion of the flow in the tube, which reattaches at the wall only at a certain dis-
tance from the back plate. An important point to notice is that the qualitative behavior
outlined here (i.e., the presence in the numerical data of a peak of the wall pressure
distribution and of a recirculating flow structure near the inlet) is not dependent on
the particular choice for the inlet Mach number, as demonstrated by Fig.(8.2).
Figure 8.4: Streamlines in the upstream end of the helicon tube showing the presence
of a recirculating flow structure (100 sccm argon mass flow rate).
Fig.(8.5)-a shows the DSMC data for the axial variation of the neutral density along
the axis of the tube, at a mass flow rate of 100 sccm of argon, for two different radial
positions: r = 0 cm (along the tube axis) and r = 6.65 cm (along the inner wall of
the tube). The axial neutral particle density profile decreases by more than two orders
of magnitude in the first 10 cm of the channel, due to the position of the injection
port, whereas in the remaining downstream part of the channel, the neutral particle
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density distribution remains of the same order of magnitude, although not perfectly
homogeneous nor monotonic. The axial neutral particle distribution in the vicinity of
the wall is much more homogeneous, although not being monotonic.
Figure 8.5: Neutral particle density distribution: a) axial on center-line (dots) and inner
wall (dashes), b) radial at z = 4 (dots), 14 (asterisks) and 23 cm (boxes).
Fig.(8.5)-b shows the radial density profiles at three different axial positions: z = 4,
14, and 23 cm (i.e., near the exit plane). The mass flow rate is again 100 sccm of argon,
but similar results hold for the other cases. The only position with an almost constant
radial distribution of neutral particles is at z = 23 cm. The z = 4 cm position has
a non-monotonic concave variation of the density along the radius, the local peak on
the axis being related to the vicinity of the injection port. The z = 14 cm position
also presents a concave, although monotonic, radial density profile. What is most
interesting is that these results show that, given a particular geometrical configuration
of the source, the cold neutral flow is characterized by neutral particle depletion in
the center of the source, which is related to purely gas-dynamic reasons and not to the
specific equilibrium configuration with the plasma discharge turned on. This is further
- 205 -
8 Neutral gas expansion in a helicon chamber
illustrated by the zoomed plot in Fig.(8.5)-a, which clearly shows that, for most of the
tube length, the neutral density on the axis of the device is lower than the density
on the wall. We can infer that such a situation increases the detrimental effect of ion
pumping and neutral diffusion, when the discharge is on, in terms of neutral particle
depletion. The magnitude of the variation of the cold neutral density along the radius
is indeed of the same order of the measured hot neutral particle depletion by other
authors (Yun et al., 2000; Tynan, 1999; Aanesland et al., 2007).
One possible way to reduce the observed non-homogeneity could involve the adop-
tion of a different injection system, such as a multi-hole plate that would allow for a
more uniform injection over the whole back plate of the discharge chamber. Further
optimization could be attained by measuring the effect of the improved design on the
plasma equilibrium and iterating on the injection system design.
8.5 Conclusions
In this chapter we have presented the results of an experimental and numerical activity
performed with the goal to validate a procedure for the calculation of the cold neutral
particle background in a helicon source, and then to assess the operating pressure of
the device for a given mass flow rate. Our results have shown that the DSMC code
is a valuable tool for this scope, once that the gasdynamic conditions at the injection
to the channel are determined by comparison with measurements. The validated nu-
merical procedure will be used in the next chapter to estimate the neutral density and
operating pressure in an annular helicon source.
The work presented in this chapter also illuminates the impact of gas injection con-
figuration on cold flow neutral dynamics within cylinders that exhaust into vacuum
environments. The experimental conditions and simulations are representative of typ-
ical helicon plasma source operation. Direct Monte Carlo simulations, validated by
experimental pressure measurements along the cylinder wall for several mass flow
rates of argon and xenon gas, quantify the neutral particle distribution throughout the
cylinder. The results show that the neutral particle distribution is characterized by a
concave neutral density distribution on the axis of the device, and so the single on-axis
injection port does not achieve a uniform cold neutral particle distribution in the dis-
charge chamber, at least for geometrical configurations (in terms of discharge chamber
dimensions) typical of propulsive experiments of helicon plasma sources. It is possible
that the observed non-homogeneity of the neutral background flow contributes to the
neutral particle depletion phenomenon when the helicon plasma discharge is turned
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on, although further and specific investigations are required to determine the eventual
correlation between cold flow properties and the discharge equilibrium, possibly by
testing different injection systems.
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Experimental characterization
of an annular helicon source
9.1 Introduction
During my stay at the Georgia Institute of Technology, an experimental setup was
designed in order to carry out a test campaign on an annular helicon source with both
insulating boundaries and start an activity of experimental validation of the results
obtained in the previous chapters. Initial tests of this kind had already been carried
out at the High Power Electric Propulsion Laboratory (HPEPL) of the Georgia Institute
of Technology (Palmer et al., 2007; Akinli et al., 2007; Palmer and Walker, 2009) but no
definitive result was obtained about the actual excitation of a helicon mode.
The source employed by Palmer and Walker (2009), which is the latest of the cited
group of works, consisted of two concentric Pyrex tubes with inner diameters of 120
and 171 mm and thicknesses of 3 and 3.5 mm, respectively. The tubes were both
1626 mm long. The authors employed two left-twisted helical antennas to excite the
plasma, one wrapped around the outer tube, the other inserted inside the inner one.
A magnetic field of up to 450 G was generated by means of five solenoids. Both argon
and xenon gases were employed, with respective mass flow rates of 7.43 mg/s and 24.4
mg/s. The ion number density and electron temperature were measured by means of
a Hyden Analytical ESPion RF compensated Langmuir probe. The results obtained
in this work were somehow disappointing, with maximum achieved electron number
densities in the order of 2.5 · 1017 m−3 and unusually high electron temperatures up to
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10 eV. A flat radial profile of the plasma number density was measured at all operating
conditions.
In an attempt to obtain further clarification about the operation of the annular source
in the helicon mode, a new test campaign was programmed, with specific modifica-
tions of the system. The main goal was to perform some spectroscopic measurements
of the plasma in the annular source, in order to obtain information about the effective
plasma number density in the annulus by means of non-intrusive diagnostics. The em-
ployment of the previously cited RF compensated Langmuir probe could have indeed
induced non-negligible interactions with the plasma, especially for measurements well
inside the source, as the overall diameter of the supporting shaft was a major fraction
of the annulus width (about 1 cm out of 24 mm of annulus width).
9.2 Optical emission spectroscopy measurements
Spectroscopic measurements are among the most widely used non-intrusive plasma
diagnostic tools in the plasma research community (Kano et al., 2000; de Vries et al.,
2006; Iordanova and Koleva, 2007; Foissac et al., 2009; Zhu et al., 2009; Zhu and Pu,
2010a; Lee and Chung, 2011). Two are the most commonly followed approaches to this
kind of investigations for what concerns RF and low-temperature plasmas. The first
is usually referred to as optical emission spectroscopy (OES) and consists in recording
the light directly emitted by the plasma during operation. If the system employed for
the spectroscopic measurements is absolutely calibrated, the light emitted from the
plasma can be directly used to obtain the electron density and temperature by making
use of models which provide the spectrum of plasma emission as a function of ne and
Te. This technique is potentially very precise, but it is also expensive and delicate, as
the absolute calibration of the system requires calibration against light sources whose
emission spectrum is known with a very good resolution. On the other hand, the
same information on the electron density and temperature can be obtained by means
of a much cheaper setup which consists of relatively calibrated spectrometer and mak-
ing use of the so called line-ratio technique, which we will describe later in detail. In
some configurations, trace gases are injected in the main gas flow (a few percent in
mass) and the light emitted specifically by these species is analyzed (Malyshev and
Donnelly, 1999; Donnelly, 2004), and since each excitation process is characterized by
a peak electron energy, the electron energy distribution function can be estimated by
tailoring the selected species and selecting the proper emission lines. Examples of the
application of the OES method in the electric propulsion field are the works by Celik
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(2007) and Celik et al. (2010) on both helicon and Hall thrusters (in the last case both
for the characterization of the plasma and of the erosion of the chamber walls) and the
recent work by Wang et al. on an ablative plasma thruster.
The second approach is commonly known as laser induced fluorescence (LIF) and
consists in irradiating the plasma (during operation) with a laser working at a fre-
quency coinciding with a specific atomic transition of one of the species contained in
the plasma (use of tunable lasers allows for spectrum scans to be performed). The
LIF technique allows to precisely measure the temperature, velocities and distribution
functions of ionic and atomic species, and it is based on the fact that the spectral lines
of the emitted light from the plasma are shifted and broadened respectively by the
the presence of a drifting velocity of the species under analysis and of a thermal dis-
tribution. The LIF technique provides then complimentary information to what can
be measured with the OES method or with other diagnostic tools used to measure
quantities related to the electron species, such as Langmuir probes. This technique
has already been applied in the electric propulsion community mainly for the charac-
terization of the ion velocity profiles in the channels of Hall effect thrusters (Cedolin
et al., 1997; Hargus Jr. and Cappelli, 2002; Spektor et al., 2009; Mazouffre, 2013) and
has also found spread application in the research on helicon sources (Scime et al.,
1998; Clarenbach et al., 2003; Keesee et al., 2004; Hardin et al., 2004; Scime et al., 2007;
Hansen et al., 2010b).
In this work we made use of the OES method, and specifically to the application of
the line-ratio technique, to be described in the next section.
9.2.1 Line-ratio technique
As anticipated, from the measured spectra of light emitted by the atomic species of
the plasma under analysis, being excited by the inelastic electron-impact collisions in
plasmas, one may extract the electron temperature (assuming a Maxwellian electron
energy distribution function) and the electron number density by applying the previ-
ously cited line-ratio technique.
Each line in the emission spectrum from a plasma is associated to the radiative decay
of an electron from an excited upper atomic level x to a lower one y. The excitation
of the electrons is mainly due to inelastic collisions. The intensity of an emission line,
i.e. the number of photons emitted per unit volume per unit time at that specific
wavelength, is given by
Ix→y = Γx→y(ny, d, Bx→y,∆νx→y) · Ax→y · nx .
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In this equation, Γ ≤ 1 is the so called escape factor and accounts for a partial reduction
of the light which can be collected by an observer (with respect to the emitted one)
as a consequence of self-absorption processes in the plasma itself. This factor is in
general a function of the lower state electron population density ny, of a characteristic
dimension of the plasma source d, of the Einstein coefficient for absorption Bx→y and
of the line width of the emission line (induced by Doppler broadening as well as
collisional broadening at high pressures). Ax→y is the Einstein emission coefficient for
the specific line, while nx is the electron population density in the upper level. The
Einstein coefficients are tabulated for all the emission lines of common gases (Kramida
et al., 2013) and the escape factors have been calculated and tabulated over a wide
range of parameters (Kastner and Bathia, 1997).
If we take the ratio of two emission lines we have
Ix1→y1
Ix2→y2︸ ︷︷ ︸
from measurement
=
Γx1→y1(ny1, d, Bx1→y1,∆νx1→y1) · Ax1→y1 · nx1
Γx2→y2(ny2, d, Bx2→y2,∆νx2→y2) · Ax2→y2 · nx2︸ ︷︷ ︸
≡ f (ne,Te) from CR model
. (9.1)
The left-hand side of the equation is evaluated by the measured spectra, while the
right-hand side only depends on the population densities. The population densities
can be calculated by building a collisional-radiative (CR) model which describes the dy-
namics of the electron densities in the different atomic levels. We have built a CR
model following closely the one proposed by Zhu and Pu (2010b), which has already
been validated against measurements in a wide range of pressures and temperatures
and for different types of discharges. In this model the population densities of the
first 14 excited states of neutral argon are studied, i.e. the four 1s levels and the ten
2p levels in Paschen’s notation. The CR model consists of a set of coupled rate bal-
ance equations in which the population densities are obtained from a balance of the
various source and sink contributions, which involve collisional, radiative and diffusive
processes. The electron number density directly enter the model via the electron colli-
sion terms, while the electron temperature indirectly enters the model as the implicit
variable on which the corresponding collision cross sections depend. The background
neutral density is a required input of the model, and for our analyses we employed
the values obtained from the DSMC simulations. We do not address here the details
of the model for the sake of brevity, as they can be found in the cited paper.
Since the right hand side of Eq.(9.1) is a function of ne and Te, when we equate it
to the measured value corresponding to the left hand side we basically trace a curve
on the (ne − Te) plane. In Fig.(9.1) we report a typical plot of the isolines of two line
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ratios in a low-temperature plasma. Once we have built our model, we can repeat
Figure 9.1: Example of isolines of the line-ratios for two pairs of levels in a typical
low-temperature plasma: 2p9/2p10 (blue) and 2p3/2p1.
this procedure for a number of line pairs and trace multiple curves on the (ne − Te)
plane. These lines should cross each other more less in a restricted region of the
cited plane, thus indicating the corresponding values of the electron parameters. Care
must obviously taken in selecting the lines to be used in the procedure, first by taking
only the lines with a high signal-to-noise ratio, and second by taking only those line
pairs whose intensity ratio has a strong dependence on the electron parameters in the
conditions investigated (to this scope a sensitivity analysis of the various line ratios as
obtained from the CR model should be performed).
9.2.2 Abel inversion of axi-symmetric emission profiles
One possible limitation of the OES method is the fact that it does not provide local
information, i.e. the light emitted by the plasma is collected by an optical fiber and the
recorded intensity carries information about the integrated plasma conditions along
the line-of-sight of the fiber. If the gradients of the plasma quantities are not very high
in the small volume intercepted by the fiber, the collected light is also indicative of the
- 213 -
9 Experimental characterization of an annular helicon source
local plasma conditions, otherwise a way to overcome this limitation is by performing
a series of scans and then reconstructing the actual profiles by inverse mathematical
transformations, such as the Radon transform employed in common tomographies. A
simplified version of these inversion techniques is the Abel transform, which can be
applied if the source is axi-symmetric (Roberts, 1995) and allows for the calculation of
the radial emission profiles with just one linear scan of the source along a direction
parallel to a diameter.
9.3 Experimental setup
9.3.1 The annular source
The plasma was confined inside an annular region formed by two coaxial Pyrex tubes,
each 800 mm long. The inner tube had an inner diameter of 114 mm and an outer
diameter of 120 mm (3 mm thickness), while the outer tube had an inner diameter
of 169 mm and an outer diameter of 177 mm (3 mm thickness). The inner tube was
supported by a central L-shaped support which did not obstruct the plasma flow
exiting the annular source. Coaxiality of the tubes was checked after installation to be
within half a millimeter. All tests were performed in vacuum test facility 1 (VTF−1),
already described in Sec.(8.2).
The neutral propellant, 99.9995% pure argon, was fed into the annulus through a
sealed stainless steel diffuser with two diametrically opposite inlets on the rear. The
inner diameter of the propellant distributor was 130 mm, the outer diameter 160 mm,
and the depth 25.4 mm. The propellant left the distributor through 36 holes of 0.39
mm diameter spaced 10 degrees apart. The propellant mass flow was controlled via
an MKS 1179JA mass flow controller through stainless steel feed lines to the propel-
lant distributor. A custom fixed-volume mass flow calibration system is employed to
calibrate the mass flow controller. The mass flow controller has an accuracy of 1% of
full scale, which varies based on the maximum desired flow rate for the test. For the
test campaign under analysis, the following mass flow rates were used: 1.96 mg/s (66
sccm) and 3.95 mg/s (133 sccm).
For each of the two mass flow rates, a set of simulations was performed by making
use of the DSMC code validated in Ch.(8), in order to estimate the background neutral
density and pressure. The fact that the overall feeding line employed for the tests on
the annular source was the same as the one used for the tests described in Ch.(8),
as well as the a posteriori verification that the simulated pressure levels close to the
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Mass flow rate [mg/s] Inlet Mach number Neutral density [m−3]
1.96 0.1 8.01 · 1020
1.96 0.2 5.75 · 1020
1.96 0.3 4.84 · 1020
3.95 0.1 1.22 · 1021
3.95 0.2 8.78 · 1020
3.95 0.3 7.46 · 1020
Table 9.1: Simulated neutral background number density at the axial location of OES
measurements, as a function of the assumed inlet Mach number.
injection port of the annular source were of the same order as those obtained in the
analogous region of the cylindrical source, lead us to be reasonably confident that the
actual inlet Mach number in the annular helicon was similar to those found for the
cylindrical one. Values in between M = 0.1 and M = 0.3 were used in the simulations,
and the corresponding results for the neutral number density in correspondence of the
axial position were the OES measurements were performed are reported in Tab.(9.1). If
we take as reference values those calculated for M = 0.2, errors of ±40% are expected
in the values of the calculated neutral background number density.
Antenna
A 14.5 inch long (368.3 mm) double-saddle antenna of the same design of the one used
by Boswell (1984), made from welded copper strips 0.5" wide (1.59 mm) and 1/16"
thick (12.7 mm), was wrapped around the outer tube. A drawing of this antenna
is reported in Fig.(9.2). The double-saddle antenna was chosen because, as shown
in Fig.(9.2), close to the end facing the outlet section it presents a symmetry plane,
and the antenna was mounted in such a way that the symmetry plane coincided with
the vertical plane. The resistance and inductance of the antenna, measured with a
standard LCR meter, are respectively 0.065Ω and 3.7µH.
For this test campaign a choice was made to employ only one exciting antenna,
the choice of the outer tube being related to a matter of ease of installation. It was
decided not to follow a double-antenna scheme because of the inherent losses of this
configuration. In the work of Palmer and Walker (2009) the power splitting to the two
antennas from the unique coaxial cable coming from the RF amplifier was done by a
simple resistive connection, which is equivalent to a resistive three-port power divider.
Pozar (2005) (p. 317) shows that in such a scheme half of the input power is dissipated
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Figure 9.2: Drawing of the double-saddle antenna employed in the test campaign on
the annular helicon source. The presence of a symmetry plane close to the
end facing the outlet side of the source is highlighted.
in the resistive connection, and in addition careful control of the impedance of the two
antennas and of the resistances of each of the two connections is required to guarantee
an equal power splitting. In principle it is not mandatory to have two antennas, as
the plasma (i.e. the forced oscillating system) will be able to match the required self-
consistent values of electric fields along the boundaries, if the coupling to the exciting
source is good. On the other hand it is possible that an optimal configuration with
more than one antenna and even unequal power splitting could exist, but in order to
test this configuration proper high-power RF power dividers and directional couplers
have to be used.
Magnetic field
The external magnetic field was provided by means of a set of four electromagnets
connected in series and capable of reaching a maximum field of 550 G at the mid di-
ameter of the annulus at half the length of the source. Each magnet has 12 layers of 60
turns each of 13 AWG Copper wires insulated with a double layer of fiberglass/epoxy
material (outer diameter ∼ 2 mm), for a total of 720 turns each. The inner coil diameter
of the magnets is 9.25" (∼ 235 mm). The first magnet is positioned in such a way that
the exit plane of the annular source coincides with a side plane of the magnet, while
the other magnets were positioned with regular inter-spaces of 15 mm. The actual
magnetic field distribution along the mid diameter of the annulus was measured after
installation of the setup with a Sypris 5080 Gaussmeter (1% accuracy in our range of
values). The results are reported in Fig.(9.3), showing a variation of ±10% with respect
to the average value in the region of the antenna. The powering of the magnets is pro-
vided by a TDK-Lambda EMHP 600− 100 power supply. A drawing of the source
setup is reported in Fig.(9.4), together with a picture of the source during operation.
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The annular source was operated both without and with the externally applied field,
in the last case two values of the peak field were tested, respectively 200 G and 550 G.
Figure 9.3: Mapping of the externally applied magnetic field along the mid-diameter
of the annular source.
RF power
The annular source is operated at a fixed frequency f = 13.56 MHz. The driving signal
is fed by a Yaesu FT840 transceiver to an Acom 2000A amplifier, which is then con-
nected to the antenna by means of an unbalanced coaxial cable of the length required
to minimize RF leakage and power loss through the cable (Kieckhafer and Walker,
2010). The reflected power and the Standing Wave Ratio (SWR) are measured by a
TelePost Inc. LP−100 Digital Vector RF Wattmeter and SWR meter, with an uncer-
tainty of 1 W for power and 0.05 for the SWR. Matching of the signal is achieved by
a remotely controlled, tunable pi-type matching network located inside the vacuum
chamber (Williams, 2013). The annular source was operated at three different values
of RF power, i.e. 600 W, 750 W and 1000 W.
9.3.2 Diagnostics and measurement procedure
As anticipated in the Introduction to this chapter, the goal of this test campaign was
to perform spectroscopic measurements of the plasma parameters. The optical sys-
tem consisted of a 600µm Ocean Optics optical fiber, a set of two achromatic fo-
cusing lenses (Thorlabs AC254− 250−B and AC254− 030−B) and an Ocean Optics
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Figure 9.4: (a) Drawing and (b) picture during operation (66 sccm mass flow rate,
500 W RF power) of the annular helicon source. The L-shaped structure
supporting the inner tube is not shown in the drawing.
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HR4000CG UV−NIR spectrometer (200− 1100 nm band, 0.75 nm FWHM resolution).
The spectrometer was calibrated by means of an Ocean Optics HG-1 Mercury Argon
Calibration Source.
The optical fiber and the lenses were mounted on an L-shaped supporting structure,
illustrated in Fig.(9.5). This block was than assembled on a bigger aluminum structure
Figure 9.5: Assembly of the optical fiber ad optical lenses used in the optical emission
spectroscopy measurements.
mounted on a 1.5 by 1.5 Parker Daedel automated linear motion system allowing for
displacement of the entire structure along the axial direction of the source and along
the horizontal direction. The height of the overall structure with respect to the source
and the positioning of the lenses and the optical fiber, according to the focal lengths
of the lenses, were chosen in such a way that the focal point of the system coincided
with the center of the source. We performed horizontal scans of the annular source
by collecting the light emitted in between two adjacent magnets, corresponding to
the cross section just downstream the antenna. The structure was designed in such
a way that the vertical portion was always sufficiently far from the exit section of the
source, both in the longitudinal and horizontal directions, in order not to intercept
and obstruct the plasma flow from the source. An illustration of the strategy herein
described is reported in Fig.(9.6).
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Figure 9.6: Scheme of the setup employed for the optical emission spectroscopy
measurements.
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9.3.3 Measured spectra
In Fig.(9.7) we report the emission spectrum measured with a mass flow rate of 1.96
mg/s with an external peak field of 550 G and 1000 W of input power. This spec-
trum was recorded along the vertical symmetry plane of the source. The most evident
Figure 9.7: Plasma emission spectrum measured at m˙ = 1.96 mg/s, B0 = 550 G and
P = 1000 W along the vertical plane of the source.
characteristic of this spectrum is the complete lack of emission lines below 700 nm,
and specifically in the range of wavelengths 400− 500 nm. This range of wavelengths,
which corresponds to the blue region of the visible spectrum, is commonly associ-
ated to the excitation of the helicon mode in cylindrical discharges (Boswell, 1984;
Celik, 2007), from which the blue-mode label takes its name. Since the majority of the
prominent emission lines from singly ionized argon ions (ArII) lies in this range of
wavelengths, the operation with a strong emission profile in this band is also a sign
of very intense plasma ionization. The spectra measured by us are dominated by
atomic argon lines in the red and near-infrared spectral region, i.e. 690− 900 nm, as a
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consequence of the 1s−2p atomic transitions. This range of frequencies is typically as-
sociated to inductively-coupled argon discharges, which are indeed characterized by a
reddish color of the source during operation. Results relative to the higher mass flow
rate, and to lower values of magnetic field and RF power yield consistently similar
results.
Application of the CR model to the measured spectra provided unsatisfactory re-
sults. We recall that for any emission line pair, the ratio of the emission intensities is
a function of both the electron temperature and density, so that each measured value
corresponds to an iso-curve in the ne − Te plane. By tracing many of these iso-curves,
we expect them to intersect in a more or less well defined area of the cited plane, thus
indicating the values of ne and Te that we are looking for, corrected for the eventual
scatter of the data. For the spectrum reported in Fig.(9.7), we selected a few lines
(specifically those with the highest signal-to-noise ratio) and we traced the cited iso-
curves for the respective measured line-ratios. The result, reported in Fig.(9.8), is not
satisfactory. There is no clear region where the different lines cross, and many in-
tersection points can be devised across the entire range of explored electron number
densities and temperatures. This is clearly a sign of a problem either in the calcu-
lations or in the measurements. As reported in Sec.(9.2), it is very unlikely that the
problem lies in the line-ratio procedure: the technique is very well established and
even the CR model that we built followed closely the one designed by Zhu and Pu
(2010b), which had already been validated. Closer inspection of the recorded spectra
gave indeed indication of possible issues with the calibration of the spectrometer. As
pointed out by Zhu (2013), the accuracy of the calibration can be checked by looking
at the measured line-ratios. We can take for example into account the ratio of the two
lines 840.8 nm and 738.4 nm, corresponding respectively to the transition 2p3− 1s2
and 2p3− 1s4, whose Einstein coefficients are A = 2.2 · 107 s−1 and A = 8.7 · 106 s−1.
Since the lower levels 1s4 and 1s2 are not metastable, we can expect them to have
relatively low densities at the pressure levels estimated from the neutral background.
This implies that it is possible to roughly estimate the line-ratio of these lines as the
ratio between the respective Einstein coefficients, which yields a value of ∼ 2.5, while
the measured value as from the spectrum in Fig.(9.7) is ∼ 1. In addition, also the ratio
between the 811.5 nm line (1s5− 2p9) and the 912.3 nm line (1s5− 2p10) is in the range
0.5− 2 for low-temperature plasmas (Zhu and Pu (2010a), Fig.7), while in our spectra
it is always ∼ 10, giving further indication that a calibration problem occurred during
the measurements. As reported in Sec.(9.2), the spectrometer was calibrated before
the start of the test campaign by means of an Argon-Mercury lamp produced by the
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Figure 9.8: Iso-curves of measured line-ratios in the ne − Te plane (m˙ = 1.96 mg/s,
B0 = 550 G, P = 1000 W).
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same manufacturer of the spectrometer. During the measurements the spectrometer
was located nearby the vacuum chamber, in order to be connected to the optical fiber
coming out of the feed-through mounted on the chamber wall, and this location is
affected by relatively high levels of mechanical noise and vibrations, as a consequence
of the pumping system operation. Despite the fact that the spectrometer was put on
a soft foam support to reduce the vibrations, it is possible that such a noisy environ-
ment induced a loss of the calibration of the instrument. We remark that in order
for the line-ratio technique to be successfully applied, an accurate calibration of the
spectrometer is required, especially because the line-ratios can sometimes be strongly
dependent on the electron parameters.
Because of the issues described above, it turned out to be impossible to successfully
apply the line-ratio technique in order to estimate the electron number density and
temperature. Unfortunately the limited amount of the time I had to perform the tests
before leaving from Georgia Tech did not allow us to readily identify and address
these issues, which would have certainly been solved otherwise. It is important to
highlight the fact that usual spectroscopic measurements of the kind here attempted
are carried out on much smaller systems than our vacuum facility, almost always with
fixed instrumentation setup. Our attempt to perform these measurements inside a
much bigger vacuum chamber, with a mechanically noisy environment and with in-
vacuum remote displacement of the optical fiber used for detection implied a number
of additional complications to be faced. Nonetheless, we believe that the problems
encountered during our test activity can provide useful guidelines for future similar
tests. To this scope, apart from stressing the importance of mechanically insulating the
spectrometer as much as possible, we suggest that for optical tests in similar conditions
it could be useful to repeat the calibration procedure at fixed steps during the test
campaign.
Despite the calibration problems encountered, the simple analysis of the measured
spectra provides useful insights into the operation of our annular source. In Fig.(9.9)
we report three spectra measured along the vertical symmetry plane for m˙ = 1.96
mg/s, and respectively for P = 600 W and B0 = 0 G, P = 1000 W and B0 = 0 G,
P = 1000 W and B0 = 550 G. As we can see, no noticeable differences are present in
the different cases. This observation and the lack of argon ions emission lines previ-
ously described, point towards an operating regime of the source typical of inductive
coupling mode, and given the results obtained in Ch.(7), we believe that this could be
the result of a strong collisionality of the plasma. This is coherent with the observation
that taking the values of background neutral densities from Tab.(9.1) and assuming a
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Figure 9.9: Emission spectra measured along the vertical symmetry plane of the source
with a mass flow rate of 1.96 mg/s and respectively: B0 = 0 G, P = 600 W
(top), B0 = 0 G, P = 1000 W (middle), B0 = 550 G, P = 1000 W (bottom).
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gas temperature in the order of ∼ 600 K (Keesee et al., 2004; Clarenbach et al., 2003;
Scime et al., 2007), we obtain operating pressures in the order of 35− 70 mTorr, which
is well above the typical pressures for helicon sources (0.1− 20 mTorr, as pointed out
in Sec.(8.1)). Since the pressure level is basically fixed by the mass flow rate, and
since mass flow rates in the order of at least a few mg/s are required for the annular
source to be used as an injection stage for plasma thrusters, our results imply that
higher levels of the external magnetic field must be employed in order to get closer to
an operation mode dominated by the magnetic confinement and which allows for a
helicon-mode coupling.
9.4 Symmetry of the emission profiles
As described in Sec.(9.2.2), one of the original goals of the test campaign carried on
the annular source was to scan the cross section in order to obtain then the radial
profiles of the electron number density by means of an Abel inversion. The source
was scanned by moving the optical fiber in the horizontal direction at linear constant
velocities in the range 2− 4 mm/s. For each operating condition, a minimum of 2
up to a maximum of 5 scans were taken, either during the same run or in different
runs. The measured profiles shown consistently the same shape at the same operating
conditions.
The Abel inversion technique is based on the assumption that the emission from the
plasma, and then the plasma parameters, exhibits an axial symmetry. This was not in
general the case for our measurements. In Figs.(9.10-9.12) we report the measured hor-
izontal emission profiles of the 811.5 nm line (chosen for its high signal-to-noise ratio),
respectively for the following values of the peak external magnetic field: 0 G, 200 G,
550 G (the dashed gray lines indicate the location of the walls of the two coaxial tubes).
The x values are positive for locations at the right of the vertical symmetry plane when
we look at the source from the exit section upstream. Quite surprisingly, the emission
profiles of the observed line always exhibit a non-negligible level of asymmetry with
respect to the vertical symmetry plane of the source. In order to exclude the possibility
that these asymmetries could arise by the specific excitation dynamics of the atomic
levels involved in the transition corresponding to the 811.5 nm line, the profiles for
all the other lines with a signal-to-noise ratio greater than 5 were checked, but no
qualitative difference could be detected in terms of the linear shape of the integrated
intensity. The first hypothesis we can make is that these asymmetries are induced
by inherent asymmetries in the setup. However, care has been taken in order to avoid
- 226 -
9.4 Symmetry of the emission profiles
Figure 9.10: Profiles of integrated emission light from the annular plasma with peak
external field B0 = 0 G, as a function of the distance from the vertical
symmetry plane of the source.
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Figure 9.11: Profiles of integrated emission light from the annular plasma with peak
external field B0 = 200 G, as a function of the distance from the vertical
symmetry plane of the source.
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Figure 9.12: Profiles of integrated emission light from the annular plasma with peak
external field B0 = 550 G, as a function of the distance from the vertical
symmetry plane of the source.
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this case during the installation, as we were aware of the negative impact of eventual
asymmetries for the application of the Abel inversion. As pointed out at the begin-
ning of this chapter, also the choice of the antenna was done with the idea to reduce as
much as reasonably possible the asymmetries of the system close to the measurement
region. A few references are available in the literature which explicitly address the
problem of the symmetry of the discharge, but the results are not unequivocal. Indeed
while Blackwell and Chen (1997) and Guittienne et al. (2005) were apparently able
to correlate the observed azimuthal asymmetry of the plasma to the specific antenna
configurations they employed, Gilland et al. (1998) explicitly excluded that this was
the case in their helicon source, as a rotation of the antenna did not induce any modi-
fication of the plasma profile. The last authors proposed the presence of the Langmuir
probe employed for the measurement of the plasma density as the driving factor for
the asymmetry, but since the plasma was scanned along the whole diameter of the
source, it is not clear why the asymmetry should have been induced only on a portion
of the scan.
Closer observation of the profiles in Figs.(9.10-9.12) provides us additional informa-
tion. First, it can be noticed that the shape of the profile basically depends mainly on
the value of the external magnetic field. In the absence of the external field, Fig.(9.10),
the measured profiles always present a peak centered on the vertical symmetry plane,
but the the emission profile is higher for positive values of the linear coordinate. No
major differences among cases with different mass flow rate and power are present.
The profiles corresponding to the intermediate value of the external peak field, i.e.
B0 = 200 G, show a generally flatter profile in correspondence of the symmetry plane,
but in these cases the emission profiles show a bump at negative values of x. The
asymmetry tends to increase for higher levels of RF power, as it is more clearly shown
by the data for the higher mass flow rate. The most asymmetric configuration occur
for the highest tested value of the external magnetic field, i.e. B0 = 550 G. With the
exception of the (m˙ = 3.95 mg/s, P = 600 W) case, a strong emission peak of the
profile occurs at positive values of x, and the asymmetry seems to increase for higher
values of the RF power. For the (m˙ = 1.96 mg/s, P = 1000 W) case, a second peak of
lower intensity the the first one appears on the negative side of the profile.
It is important to note that for B0 = 0 G and B0 = 500 G the region of higher
emission is st positive x values, while the contrary is true at B0 = 200 G. This gives
further confirmation that it is unlikely that the observed asymmetries in the emission
profiles are caused by asymmetries in the setup.
The results described here suggest that non-axi-symmetric equilibrium configura-
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tions could exist in the annular source, and that the degree of asymmetry could de-
pend both on the external magnetic field and on ionization level, which results from
both the values of the mass flow rate (indicative of the operating pressure) and of
the input RF power. Providing an exhaustive explanation of this phenomenon goes
beyond the scope of this work, but we believe that the problem of the symmetry of
the discharge in helicon sources, both in cylindrical and annular ones, should receive
greater attention. This is important both if the source is to be used in a standalone
mode as a thruster and as an injection stage for plasma thrusters.
9.5 Conclusions
In this chapter we have reported on an experimental activity carried out during the
period spent by the author at the High Power Electric Propulsion Laboratory of the
Georgia Institute of Technology. The aim of this activity was the characterization of
the source operation, specifically with the goal to measure the electron number density
and temperature in different operating conditions by means of non-intrusive, optical
emission spectroscopy diagnostics. A setup was built which allowed to take scans
of the source cross section during operation, with the goal to obtain linear emission
profiles to be later Abel-transformed in order to obtain information about the radial
plasma profiles in the annulus. We have described the design guidelines and the
experimental installation, as well as the rationale behind the optical measurements.
Our spectroscopic measurements were affected by calibration issues which occurred
during the test campaign but whose presence was realized only after the end of the
test campaign. It is likely that the calibration of the spectrometer was degraded by
mechanical noise and vibrations in the environment were it was placed. The lack of
precise calibration of the instrumentation did not allow to perform the necessary steps
of the analysis which would provide the values of the electron parameters that we were
looking for, so that no conclusive remark can be drawn on the ionization efficiency of
the source. Nonetheless, the observation of the measured emission spectra suggests
that the source was operating in an inductively coupled mode leading to a partially
ionized plasma, as indicated by the lack of emission lines from argon ions in the
blue region of the spectrum, which was instead dominated by emission lines from
atomic argon in the red and near-infrared region. The fact that no major differences
in the spectra were observed for the different values of the input RF power and of
the external magnetic field, suggests that the plasma was collision-dominated, as from
the results of Ch.(7) we have seen that the plasma collisionality plays a major role
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in counter-acting the magnetic confinement which tends to reduce the wall losses.
These are indeed fundamental conditions for the plasma to have a sufficiently high
electron number density for the propagation of helicon waves to occur, so that possible
coupling mode transitions can take place.
Finally, the measured horizontal profiles of the plasma emission showed a consistent
asymmetry, thus disproving the general assumption that the plasma in the source is
axi-symmetric. These results do not allow for Abel-transforming the measured profiles
to obtain the radial plasma distributions, and suggest that asymmetric equilibrium
configurations might exist in the annular source. Since these asymmetries have been
observed also in cylindrical helicon sources, this topic should be further investigated
in the future.
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perspectives
10.1 Summary of main results
In the second part of this Thesis we have investigated the possibility to design and
build an annular helicon source to be used as an ionization and injection stage in high-
power plasma thrusters. The scope of such a staging strategy is multiple: to increase
the overall efficiency of the thruster, enlarge the operational envelope of the device, or
to create conditions in the acceleration channel which increase its stability (e.g. in the
case of MPD thruster). Attention has been focused on the possibility of realizing an
annular plasma source operating in the helicon mode, as cylindrical helicon plasma
sources have demonstrated extremely high ionization efficiencies.
First, we have provided a complete theory of whistler wave propagation in an an-
nular homogeneous plasma, with all possible sets of boundary conditions. We have
shown that having at least one insulating boundary can be favorable in terms of den-
sity of the eigenvalue spectrum of the problem, and we have illustrated the effect of the
plasma number density, external magnetic field and source geometry on the number
of possible solutions.
The radial equilibrium of a magnetized plasma in annular configuration was then
investigated. The general structure of the radial profiles of the plasma quantities has
been studied, showing the presence of a bulk diffusive region and of two inertial layers
close to the walls of the source. The spatial extent of these regions is influenced by the
magnetization of the plasma as well as by collisional effects. Analytical solutions have
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been derived for certain operating regimes, showing that even at high magnetization
the required plasma production frequency in an annular source can be much higher
than the corresponding value in cylindrical sources, the actual value being a function
of the width of the annular channel. Investigation of the wall losses has confirmed
the important role of the external magnetic field in providing proper confinement of
the plasma and then lowering the losses although its effectiveness can be hindered by
high values of plasma collisionality.
A parallel activity has been carried which aimed at the investigation of the cold
neutral background in helicon sources. DSMC simulations have been performed and
then validated by measurements of the pressure at the wall of the source. The results
of this activity also gave indication about the possible role played by the propellant
feeding system in worsening the neutral pumping phenomenon in helicon sources.
Finally, an experimental activity was carried out to characterize the operation of an
annular helicon source. An optical diagnostics system was designed and built in order
to preform emission spectroscopy measurements. Calibration issues of the spectrome-
ter did not allow to obtain quantitative information about the electron parameters, but
the fact that the measured spectra were always dominated by emission in the red and
near-infrared region of the spectrum gives indication that the plasma was operating in
an inductively-coupled mode. Estimates of the operating pressure at the tested mass
flow rates suggest that the plasma in our source could have been collision-dominated
in all the tested operating conditions. Scans of the light emitted by the source have
shown that asymmetric equilibrium configurations might exist in this kind of sources,
as the observed asymmetries cannot be readily explained by asymmetries in the ex-
perimental setup.
The results of this work contribute to form a basic knowledge for the development
of annular helicon sources.
10.2 Future work and final remarks
Helicon sources are an extremely active field of research in low-temperature plasmas.
We believe that the development of these sources should and will proceed in parallel
with a wider adoption of staging strategies in plasma thrusters. The relative simplicity
of the setup as well as the attracting promises of very high ionization efficiencies
offered by helicon sources certainly call for strong attention by the electric propulsion
community. Nonetheless the research on these sources should not be taken as finished.
As outlined at the beginning of the second part of this Thesis, there are still open
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questions concerning the power absorption mechanisms in helicon sources. A detailed
comprehension of the physical mechanisms lying behind the efficiency of these devices
is necessary in order to guide the development of reliable sources tailored for specific
applications. For what concerns in particular the annular configuration, not this work
nor the ones which preceded it have been able to draw definitive conclusions on the
excitation of helicon modes in this configuration, although our results set lower limits
on the magnetic field and RF power levels to be used with operating mass flow rates
in the order of a few milligrams per second.
The wave propagation analysis should be extended to include the effects of radial
gradients. Similar analyses have already been performed for cylindrical sources in-
cluding gradients of the plasma number density. The effect of plasma demagneti-
zation at high values of the plasma β parameter should also be taken into account.
Implementation of collisional effects in the analysis could allow for the calculation
of the deposited power density profiles, and a coupling with a model for the radial
equilibrium similar to the one developed in this work could be realized.
We believe that the most important activity is however on the experimental side. A
setup should be designed allowing for a larger range of operating parameters with
respect to the one investigated in this work, mainly in terms of the external DC mag-
netic field and of the RF input power. We believe that optical diagnostics constitute
interesting tools to measure the plasma quantities of interest. Optical emission spec-
troscopy methods, allowing for the measurement of the electron density and temper-
ature, should be used jointly with laser-induced fluorescence methods, allowing for
the measurement of the ion fluxes, in order evaluate the mass utilization efficiency
and the ionization cost in these sources. These two parameters constitute indeed the
ultimate values of engineering interest which determine the effectiveness of the source
to be used in staged plasma thruster configurations.
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PART III
APPENDIXES

A
Fundamental properties of 2D
plasma equilibria in SF-MPD
thrusters
A.1 Introduction
In presenting some future perspectives concerning the theoretical investigations of
the onset phenomenon, we have highlighted the importance to extend the analysis
performed in Ch.(3) to two and three dimensions. In particular the inclusion of the
axial coordinate seems essential.
One possibility for such extension is offered by numerical codes which basically
discretize and numerically integrate the governing equations of the plasma flow. Two
such codes have been developed for example at Princeton University (Sankaran, 2005)
and at the University of Stuttgart (Heiermann, 2002). Given their complexity, which
on the other hand offers great flexibility, the development of such codes requires un-
fortunately extremely intense efforts and is often a multi-year and multi-person en-
gagement.
On the opposite side lie so-called reduced order models, in which the complexity
of the physical process is strongly reduced and only the most relevant phenomena
are taken into account. This approach offers a much greater simplicity, at the cost of
much less flexibility. These codes are indeed usually meant to study the fundamental
properties of certain equilibrium configurations of the device under analysis, and not
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to be used as a design tool. The model employed in Ch.(3) is an example of such
models.
In this appendix we present a semi-analytical analysis of a class of two-dimensional
solutions of the steady plasma flow in coaxial SF-MPD thrusters. Physical and an-
alytical simplifying assumptions will be made in order to reduce the problem to an
equivalent one-dimensional problem for the current collected at the electrodes. De-
spite the limitations of this approach, which will be made clear in the following text,
this model is meant first to extend previous one-dimensional calculations of the maxi-
mum theoretical efficiency of these devices (Kuriki et al., 1981; Martinez-Sanchez, 1990;
Fruchtman, 2003), and second to provide some approximate relations of the plasma
quantities in the thruster to be used in extending the stability studies presented in this
work.
We do acknowledge the precious collaboration of Dr. Tommaso Andreussi, with
whom I share this analysis.
A.2 Formulation of the model
In SF-MPD thrusters the main acceleration process is driven by the electromagnetic
forces. A simple, yet effective, description of this process can be obtained by consider-
ing the magnetohydrodynamic model for steady state plasma flows, which takes into
account the mass conservation equation
∇ · (ρv) = 0 (A.1)
where ρ represents the plasma density and v is the flow velocity, and the momentum
equation
ρ (v · ∇) v = 1
c
j× B, (A.2)
where c is the light speed and the electric current j is related to the magnetic field
B by Ampere’s law j = (c/4pi)∇ × B 1. The plasma is assumed to be fully ion-
ized before entering the acceleration channel and quasi-neutrality is assumed to hold
throughout the channel. Moreover, in the momentum equation, Eq. (A.2), viscous and
gas-dynamic effects have been neglected (considerations arising from the inclusion of
the gas-dynamic effects in the model are presented in the Sec.(A.4)).
In addition to the two equations (A.1)-(A.2), the momentum balance on the electrons
1In this Appendix we will make use of CGS units.
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can be expressed in terms of the Ohm’s equation
E +
1
c
v× B = j
σ
(A.3)
where a finite, yet constant, conductivity σ is introduced in order to describe the
(dissipative) collisional phenomena.
Introducing a system of cylindrical coordinates (r, φ, z), the geometry of the thruster
is characterized by two coaxial cylindrical electrodes, where ra is the radius of the outer
electrode (anode) and rc is the radius of the inner electrode (cathode).
Among the equilibria described by the set of Eqs.(A.1)-(A.3), a special class of so-
lutions is represented by flows which are in the axial direction only. Neglecting the
radial velocity, the mass conservation equation can be written as
∂
∂z
(ρvz) = 0 ⇒ ρvz = F (r) , (A.4)
where vz is the axial velocity and the function F represents the mass flow rate at a
given radius, which is constant (through the channel) on each flow streamline. The
radial component of Eq. (A.2) yields
∂
∂r
(
rBφ
)
= 0 ⇒ Bφ = −2Icr , (A.5)
where I = I (z) represents the overall current that flows inside the cathode at a given
axial position. Inside the plasma, the current density is thus in the radial direction
only,
jr =
c
4pi
∂Bφ
∂z
, (A.6)
and the axial component of the momentum equation results
∂
∂z
(
ρv2z +
1
8pi
B2φ
)
= 0 ⇒ ρv2z = J (r)−
1
8pi
B2φ. (A.7)
By introducing an electric potential E = −∇V, from the axial component of Eq.
(A.3) we obtain
∂V
∂z
= 0 ⇒ V = V (r) , (A.8)
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and the radial component of the Ohm’s equation yields
− ∂V
∂r
− 1
c
vzBφ = − 1
σ
c
4pi
∂Bφ
∂z
. (A.9)
By substituting Eqs. (A.4)-(A.8) into Eq.(A.9), we obtain a first-order ordinary dif-
ferential equation for the cathode current
c
2pirσ
dI
dz
= − 1
pic3r3F
I3 +
2J
crF
I + cV ′, (A.10)
were the notation V ′ = dV/dr has been introduced. The boundary condition associ-
ated with Eq. (A.10) can be deduced by imposing that the current flows only between
the two electrodes with no losses outside the acceleration channel. In these conditions,
which are appropriate for steady-state operations, the trailing edge of the anode corre-
sponds to the point where the current vanishes and thus the boundary condition can
be expressed as
I (zout) = 0 . (A.11)
Since Eq. (A.10) needs to be satisfied at each radius, the coefficients of each term
should be independent from the radial position. This implies a constraint on the choice
of the functions F, J and V ′, which results in the expressions
F =
m˙
2pi ln rarc
1
r2
, J =
J0
2pi ln rarc
1
r2
, V ′ =
∆V
ln rarc
1
r
, (A.12)
where m˙ represents the overall mass flow rate
m˙ = 2pi
∫
ρvzrdr = 2pi
∫
Frdr, (A.13)
J0 is the outflow of momentum at the outlet
J0 = 2pi
∫
Jrdr = m˙voutz (A.14)
and ∆V is the electric potential difference between the two electrodes
∆V =
∫
V ′dr. (A.15)
By using Eq. (A.12) and introducing a characteristic current value, according to
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Maecker’s equation (Maecker, 1955),
I0 =
(
c2 J0
ln rarc
)1/2
, (A.16)
the dimensionless form of the differential equation (A.10) becomes
dy
dx
= y3 − y + b, y (0) = 0, (A.17)
where y = I/I0 represents the scaled current and x = a(zout− z)/L is a dimensionless
axial coordinate which is zero on the outlet surface and increases toward the inlet (L
is a typical scale length of the device). The Eq. (A.17), which is characterized by the
two dimensionless parameters
a =
4piσLJ0
c2m˙
, b =
c
2
m˙∆V
J3/20
(
ln
ra
rc
)−1/2
, (A.18)
can be solved by integrating ∫ y
0
dξ
ξ3 − ξ + b = x. (A.19)
In order to evaluate the integral on the left side of Eq. (A.19) a distinction is needed
between those values of the voltage parameter b for which the integrand presents a
singularity and those for which the integrand is regular. Indeed, if the denominator of
the integrand becomes zero at a certain current value, i.e. if and only if the third order
polynomial
ξ3 − ξ + b = 0 (A.20)
has a positive real root, a singularity arises. It is easy to show that this condition is
only satisfied if the roots of Eq. (A.20) are all real, which corresponds to the condition
b2 ≤ 4
27
. (A.21)
If the integrand of Eq. (A.19) has a singularity, the solution is of the type shown in
Fig. A.1-(a), where the dimensionless current y is plotted versus the scaled distance
from the outlet, x.
By changing the parameter a the solution illustrated in Fig. A.1-(a) is simply scaled
with respect to the axis x and this shows that the increase of plasma conductivity
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(a) (b)
Figure A.1: Behavior of the solution for (a) b2 < 4/27 and (b) b2 ≥ 4/27. The dimen-
sionless current, y, is plotted versus the scaled distance from the outlet,
x.
yields to the concentration of the current density in a small layer at the outlet (see
(Martinez-Sanchez, 1990) for further discussion about this point).
The current increases from the exit of the thruster up to an asymptotic value and,
in these conditions, the overall current that flows through the thruster, which corre-
sponds to the value of y (xout = a), is bounded by
ymax =
2√
3
sin θ, with θ =
pi
6
− 1
3
arctan
(√
4
27b2
− 1
)
. (A.22)
Consequently, since the dimensionless expression of the flow velocity can be written
as
vz/voutz = 1− y2, (A.23)
where voutz = J0/m˙ is the outlet velocity, the scaled thrust results
T/J0 = m˙
(
voutz − vz
)
/J0 ≤ y2max (A.24)
where ymax is given in Eq. (A.22), leading to T/J0 < 1/3.
From the operational point of view, this kind of solutions has a critical behavior
when the thruster is operated at an overall current close to the asymptotic value. As
the total current fixes the inlet (dimensionless) position, in this case this position will
undergo great variations as a consequence of tiny perturbations of the parameters,
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Figure A.2: Behavior of the dimensionless velocity for b2 > 4/27. The velocity vz/voutz
is plotted versus the scaled distance from the outlet, x.
leading to possible unstable/unsteady behavior.
For b2 > 4/27 the only real root of Eq. (A.20) is negative and thus in the integration
domain the integrand in Eq. (A.19) is always positive and non-singular. In Fig. A.1-
(b) a typical solution is illustrated in terms of the dimensionless current and of the
scaled distance. In these solutions a vertical asymptote exists at a point xc and here
the solution diverges as
y ∝
√
1
x− xc . (A.25)
The plasma velocity, which is defined by Eq.(A.23), is illustrated in Fig.(A.2), where
the dimensionless velocity is plotted versus the scaled distance from the outlet. This
figure shows that the velocity decreases from the outlet inward, as expected, and that
also for the velocity a vertical asymptote exists at x = xc. However, at a critical length
x0 < xc from the outlet the velocity becomes zero and for x ≥ x0 the solution has no
physical meaning anymore. By varying the voltage parameter b the position of the
critical length varies as shown in Fig. A.3.
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Figure A.3: The critical length xc (in dimensionless form) is plotted as a function of
the voltage parameter b.
A.2.1 Calculation of losses and efficiency
The power losses due to the resistive phenomena in the plasma can be analyzed by
considering that, from the momentum equation it results
∂
∂z
v2z
2
+
1
4pi
Bφ
ρ
∂Bφ
∂z
= 0, (A.26)
and by substituting Ohm’s equation (A.9) in the form
Bφ
ρ
= − cV
′
F
+
1
σF
c
4pi
∂Bφ
∂z
, (A.27)
it follows that
∂
∂z
(
v2z
2
− 1
4pi
cV ′
F
Bφ
)
= − 1
σcF
(
c
4pi
∂Bφ
∂z
)2
= − j
2
σF
. (A.28)
By using Eq.(A.23) for the velocity and considering the dimensionless representation
introduced before, the power losses can be written as
Ploss =
∫ j2
σ
dV =
J20
2m˙
(
y4in − 2y2in + 4byin
)
, (A.29)
where yin represents the overall current that flows throughout the channel region (for
z = zin, x = a(zout − zin)/L). The efficiency of the thruster, which is defined as the
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ratio between the input electric power and the variation of the flow kinetic energy,
results
η = 1− Ploss
Itot∆V
, (A.30)
and by substituting Eq. (A.29) we obtain
η =
2yin − y3in
4b
. (A.31)
In the definition given above the efficiency shows a dependence on the voltage pa-
rameter and on the overall current, which is directly related to the distance from the
outlet, i.e. on the scaled channel length in the dimensionless system.
Provided that a < xc (i.e. the channel length, resulting by the total imposed current,
is smaller than the critical length xc) and given a voltage parameter b, the efficiency
has a maximum for an imposed current equal to yin =
√
2/3 and for this value the
efficiency results
η =
√
2/27
b
. (A.32)
For b2 ≤ 4/27 the maximum value of yin is related to the voltage parameter by Eq.
(A.22) and it can be shown that for these operating conditions it is always yin <
√
1/3
and η < 5/8. For b2 > 4/27 the maximum of Eq. (A.32), which is reached for
b2 → 4/27 and x → ∞, has the value
ηmax =
√
2
2
. (A.33)
In Fig.(A.4) is represented the efficiency as a function of the scaled channel length and
of the voltage parameter. For b2 > 4/27, the domain in which the efficiency is plotted
correspond to points below the critical length illustrated in Fig. A.3.
The maximum efficiency found in this “cold” MHD cylindrical case, ηmax =
√
2/2,
is slightly higher (∼ 6%) than the corresponding value obtained by Kuriki et al. (1981)
(as well as in other works on an analogous case (Martinez-Sanchez, 1990; Fruchtman,
2003)), i.e. ηmax = 3
√
3/8. This difference comes from the fact that we take into
account how a particular solution, i.e. a particular choice of the free parameters,
changes the value of the inlet velocity, while Kuriki et al. always assumed a zero inlet
velocity, as already noticed by Martinez-Sanchez (1990).
- 247 -
A Fundamental properties of 2D plasma equilibria in SF-MPD
thrusters
Figure A.4: Parametric dependance of thrust efficiency in the cold MHD case.
A.3 Special case: MHD flow in conical geometry
As an extension to the previous analysis of the “cold” MHD flow in a cylindrical
geometry, we deal now with the case of a conical channel, i.e. a channel with conical
anode and cathode. We retain the previously described simplifying assumptions on
the flow. Calculations are performed in a spherical coordinate system (r, θ, φ) in which
the inlet section is denoted by the radial coordinate rin while the outlet section is
denoted by rout. The position of the electrodes is determined by the following values
of the polar coordinate θ: θc stands for the cathode while θa stands for the anode. The
flow velocity is everywhere aligned along rˆ, while the current density vector has its
only non-zero component along θˆ.
The continuity equation reads
1
r2
∂(r2ρu)
∂r
= 0 ⇒ ρu = F(θ)
r2
(A.34)
while from the radial momentum equation it follows:
1
r2
∂(r2ρu2)
∂r
= − Bφ
4pir
[
∂(rBφ)
∂r
]
;
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which can be recast as
∂
∂r
[
r2
(
ρu2 +
B2φ
8pi
)]
= 0 ⇒ ρu2 + B
2
φ
8pi
=
J(θ)
r2
(A.35)
and then
u =
J(θ)
F
− r
2B2φ
8piF
. (A.36)
The momentum equation along θˆ gives
1
r
∂(B2φ/2)
∂θ
+
cot θB2φ
r
= 0
which can be integrated by separation of variables imposing proper boundary condi-
tions
Bφ = − 2I(r)cr sin θ . (A.37)
Taking the radial component of Ohm’s equation we obtain
∂V
∂r
= 0 ⇒ V = V(θ) (A.38)
while the azimuthal component leads to
− 1
r
∂V
∂θ
− uBφ
c
= − c
4piσr
∂(rBφ)
∂r
. (A.39)
By substitution of the previous expressions into Eq. (A.39) we find
1
σ
dI
dr
=
4pi J
c2F
I − 2
c4F sin2 θ
I3 − 2pi sin θV ′ , I(rout) = 0 . (A.40)
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In order to eliminate the dependence of F, J and V ′ on θ we choose
F =
m˙
2pi ln
[
tan(θa/2)
tan(θc/2)
] 1
sin2 θ
,
J =
J0
2pi ln
[
tan(θa/2)
tan(θc/2)
] 1
sin2 θ
,
V ′ =
dV
dθ
=
∆V
ln
[
tan(θa/2)
tan(θc/2)
] 1
sin θ
as
m˙ = 2pi
∫
ρur2 sin θ dθ = 2pi
∫
F sin θ dθ
J0 = 2pi
∫ (
ρu2 +
B2φ
2µ0
)
r2 sin θ dθ = 2pi
∫
Jr2 sin θ dθ
∆V =
∫ 1
r
dV
dθ
r dθ
where we made use of the previously defined quantities.
It can be verified (assuming a constant current density distribution along the chan-
nel) that the equivalent Maecker’s formula for the thrust of a SF-MPD thruster in
conical geometry is
J0 =
(I∗)2
c2
ln
[
tan(θa/2)
tan(θc/2)
]
from which it follows
I∗ =
√√√√ c2 J0
ln
[
tan(θa/2)
tan(θc/2)
]
Next we substitute the expressions for quantities F, J and V ′, and then normalize Eq.
(A.40) introducing the dimensionless quantities y = I/I∗ and x = a(rout − r)/L
dy
dx
= y3 − y + b (A.41)
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where the following parameters have been introduced
a =
4piσLJ0
c2m˙
, b =
c
2
m˙∆V
J3/20
ln−1/2
[
tan(θa/2)
tan(θc/2)
]
which are equal (a) or analogous (b) to those introduced in the previous section.
These calculations have shown that if gasdynamic contributions are neglected, the
problem in conical geometry is completely equivalent to the problem in cylindrical
geometry.
A.4 Cylindrical geometry with gasdynamic contributions
In this section we investigate the gasdynamic contributions to the flow, i.e. we retain all
the assumptions previously made but for a finite plasma temperature, which requires
the addition of an energy conservation equation. We treat the plasma as an ideal gas.
Following the analysis made in Sec. A.2, we obtain the for the continuity equation
∂
∂z
(ρvz) = 0 ⇒ ρvz = F (r) ; (A.42)
for radial momentum equation
∂
∂r
(
rBφ
)
= 0 ⇒ Bφ = −2I (z)cr ; (A.43)
and for the axial momentum equation
∂
∂z
(
ρv2z +
1
8pi
B2φ + p
)
= 0 ⇒ ρv2z = J (r)−
1
8pi
B2φ − p . (A.44)
The axial component of the Ohm equation results
∂V
∂z
= 0 ⇒ V = V (r) ; (A.45)
while the radial component is
− ∂V
∂r
− 1
c
vzBφ = − 1
σ
c
4pi
∂Bφ
∂z
. (A.46)
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In addition, the conservation of total enthalpy is expressed by
∂
∂z
(
v2z
2
+ h− 1
4pi
cV ′
F
Bφ
)
= 0 ⇒ h = γ
γ− 1
p
ρ
= H (r)− v
2
z
2
+
1
4pi
cV ′
F
Bφ; (A.47)
where h = γγ−1
p
ρ is the internal enthalpy for an ideal gas.
Combining Eqs.(A.44)-(A.47) we get an algebraic equation for the axial velocity
γ+ 1
2γ
v2z −
(
J
F
− 1
8piF
B2φ
)
vz +
γ− 1
γ
(
H +
1
4pi
cV ′
F
Bφ
)
= 0 . (A.48)
By substituting Eqs.(A.42)-(A.45) into Eq.(A.46) and taking into account that from
Eq.(A.48)
vz =
(
2γ
γ+ 1
) J
2F
− 1
16piF
B2φ ±
√(
J
2F
− 1
16piF
B2φ
)2
− γ
2 − 1
2γ2
(
H +
1
4pi
cV ′
F
Bφ
) ,
(A.49)
we get
1
σ
c2
4pi
∂Bφ
∂z
= −γ∗ 1
16piF
B3φ + γ
∗ J
2F
Bφ + cV ′
± γ∗Bφ
√(
J
2F
− 1
16piF
B2φ
)2
− γ
2 − 1
2γ2
(
H +
1
4pi
cV ′
F
Bφ
)
, Bφ (r, L) = 0 ,
(A.50)
where γ∗ = 2γ/ (γ+ 1), the boundary condition coming from the assumption that no
current line extends beyond the thruster exit section. From Eq.(A.50), making use of
Eq.(A.43), a first order ordinary differential equation is obtained which describes the
variation of the current I (z) collected at the cathode along z:
c
2pirσ
dI
dz
= − γ
∗
2pic3r3F
I3 +
γ∗ J
crF
I − cV ′
± 2γ
∗ I
cr
√(
J
2F
− 1
4pic2r2F
I2
)2
− γ
2 − 1
2γ2
(
H − 1
2pir
V ′
F
I
)
, I (L) = 0 .
(A.51)
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In order for the coefficients of Eq. (A.51) not to depend on r, we choose
F =
m˙
2pi ln rarc
1
r2
, J =
J0
2pi ln rarc
1
r2
, H =
γγ∗
γ− 1 h
2
0 V
′ =
1
r
∆V
ln rarc
, (A.52)
where the following definitions for the propellant mass flow rate
m˙ = 2pi
∫
ρvzrdr = 2pi
∫
Frdr , (A.53)
the potential difference between the electrodes
∆V =
∫
V ′dr , (A.54)
and the sound velocity
c2s =
γp
ρ
(A.55)
have been used. The quantity
I0 =
(
c2 J0
ln rarc
)1/2
, (A.56)
is used to normalize the current collected at the cathode and then Eq.(A.51) can be
rewritten as
dy
dx
=
1
2
(
y3 − y + 2b∓ y
√
(y2 − 1)2 − d2 + 8
(
γ− 1
γ
)
by
)
, y (0) = 0 , (A.57)
where y = I/I0 is the dimensionless current, x = a(zout − z)/L and the following
expressions hold
a =
4piσLγ∗ J0
c2m˙
, b =
c
2
m˙∆V
γ∗ J3/20
(
ln
ra
rc
)−1/2
, d =
2m˙h0
J0
(A.58)
Eq.(A.57) can be solved by separation of variables:∫ y
0
2dξ
ξ3 − ξ + 2b∓ ξ
√
(ξ2 − 1)2 − d2 + 8bξ (γ− 1) /γ
= a
x
ε
. (A.59)
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As (
ξ2 − 1)2 − d2 + 8bξ (γ− 1) /γ ≥ 0 (A.60)
0 ≤ d ≤ 1, (A.61)
(the limits on d are obtained by evaluating the previous expression in ξ = 0 and ξ = 1)
the denominator of the expression inside the integral is zero for(
2− γ
γ
)
ξ3 +
d2
4b
ξ2 − ξ + b = 0 (A.62)
which has three solutions if
0 < b2 ≤ −
(
9d2 − 8)+ (4− 3d2)3/2
108
(
γ
2− γ
)
and 0 ≤ d2 < 1 , (A.63)
giving indication that, as gasdynamic effects become more important, i.e. d → 1, the
interval of the parameter b for which the integral in Eq.(A.59) has a singularity tends
to zero.
A.4.1 Solutions with horizontal asymptote
If the integrand in Eq.(A.59) has a singularity, the solution for the dimensionless cur-
rent will present a horizontal asymptote for increasing values of x. Following the
analysis made in the case with no gasdynamic effects, we skip in this case a detailed
analysis of these solutions because they are not effective from the propulsive stand-
point, as they correspond to very small acceleration of the flow. In this section we
want to identify in what cases we can find this kind of solutions.
Recall that Eq.(A.62) is obtained by setting to zero the denominator of Eq.(A.59),
which has two blocks: the cubic expression ξ3 − ξ + 2b and the square root term. The
cubic term must be coherent with the choice made of the sign in front of the square
root when we set to zero the entire expression, for all the y values from 0 to the value
corresponding to total current (in case of a solution without the horizontal asymptote)
or the first value in correspondence of which the denominator of Eq.(A.59) goes to
zero (in case of a solution with a horizontal asymptote), which we will call y˜ ≡ ξ˜.
This just means that, for example, if we choose the positive sign in front of the square
root term and set to zero the entire denominator of the integrand, then the cubic term
ξ3 − ξ + 2b must accordingly be negative.
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Figure A.5: Parameter choices for: smooth sonic transition (red) and the discriminant
of Eq.(A.62) to be zero (blue).
Positive square root term
In this case it must be verified that
ξ3 − ξ + 2b < 0 ∀ ξ ∈ [0, ξ˜] (A.64)
ξ˜ being the first positive root of Eq.(A.62). The cubic ξ3− ξ + 2b can have one negative
real root or three real roots, two of which are positive (Descartes’ rule of signs). In the
first case the cubic is always positive for positive values of ξ, i.e. of y. In the second
case, in order to fulfill Eq.(A.64), the first non-negative root should actually be equal
to zero and the second non-negative root should be greater than yin; as it is impossible
to have a root equal to zero for b > 0, it follows that it is impossible, in any case, to
fulfill Eq.(A.64), so if we choose the positive sign in front of the square root term we
always find solutions without a horizontal asymptote.
Negative square root term
According to what we have previously said, the presence of a root of Eq.(A.62) is
coherent with
ξ3 − ξ + 2b ≥ 0 ∀ ξ ∈ [0, ξ˜]
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in case the cubic ξ3 − ξ + 2b has only one negative real solution or in case there are
three real roots whose smallest positive one is greater than ξ˜. It can be verified that
this is always the case. This means that if we choose the positive sign in front of the
square root term, and if Eq.(A.62) has a positive root, we will find solutions with a
horizontal asymptote.
A.4.2 Conditions for smooth sonic transitions
The sign in front of the square root in Eq.(A.59) identifies the subsonic/supersonic
branches of the solution. Then, the sonic transition occurs when the expression inside
the square root becomes zero, as in that case the two branches coincide. As the cited
expression must be a non-negative quantity, it can only become zero in correspondence
of a maximum or minimum as a function of ξ. The condition for the ξ-derivative of
the terms inside the square root to be zero is
b =
γ
2(γ− 1) ξ(1− ξ
2) .
Substitution of this expression in the radicand leads to
d2 = −3ξ4 + 2ξ2 + 1 = −(ξ2 − 1)(3ξ2 + 1) .
If we set the value of the dimensionless current at the sonic (transition) point, i.e.
ξ∗ ≡ y∗, the two previous expressions give the values of b and d2 in order for the
transition to be possible and smooth, i.e. without any discontinuity in the solution. By
varying the value of ξ at the transition point, we can trace a curve on the plane b− d2
which represents the possible pairs allowing for a smooth transition through the sonic
point. In Fig.(A.4.1) this curve is shown in red, superposed to the curve (blue) giving
the values for which the discriminant of Eq.(A.62) is equal to zero. In order to always
find regular solutions (with no asymptote in the current) for both choices of the sign
in front of the square root term in Eq.(A.59), the entire denominator in that equation
must not vanish for positive values of ξ (i.e. of the current y) and then its discriminant
must be negative. This implies that the only b− d2 pairs leading to regular solutions
with a smooth sonic transition are those corresponding to the piece of red curve lying
above the blue one. This is equivalent to saying that the sonic transition can only
happen in correspondence of a normalized current value in the range [
√
2/3, 0.8525].
The higher the b-value the higher the d-value, i.e. higher values of b correspond to
operating regimes in which gasdynamic contributions have a greater relative impor-
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Figure A.6: Maximum allowed values of dimensionless total current in order to have
a regular solutions with smooth sonic transition.
tance with respect to electromagnetic ones.
A.4.3 Solutions
By performing the integration of Eq.(A.59) it is possible to obtain the dependence of
the dimensionless current y along the dimensionless length of the channel. The
profiles of the normalized collected current, current density, and of the two (sub-
sonic/supersonic) branches of the velocity are shown in Fig.(A.4.3), corresponding to
the two extreme possible regimes, i.e. with b = bmin and b = bmax.
It is important to find the values of the dimensionless current where the (subsonic)
flow velocity becomes zero. From Eq.(A.49) we obtain the subsonic branch of the
solution:
vsub =
γ
γ+ 1
J0
m˙
[
(1− y2)−
√
(1− y2)2 − d2 + 8bγ− 1
γ
y
]
︸ ︷︷ ︸
=vz
Setting this expression to zero, and substituting the values of b and d2 as a function
of y at the sonic point, y∗, we find yc = (3y∗ + 1)/(4y∗). This trend is shown in
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Figure A.7: Profiles of collected current (y), current density
((
∂y
∂X
)−1)
,
and of the two (subsonic/supersonic) branches of the velocity([
(1− y2)∓
√
(1− y2)2 − d2 + 8bγ−1γ y
])
corresponding to b = bmax (left)
and b = bmin (right).
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Figure A.8: Maximum relative distance (%) of sonic section from inlet.
Fig.(A.4.3). Once we choose a particular solution by choosing the value y∗ (or b or d2),
we can only find regular solutions with a smooth sonic transition if the (dimensionless)
current which is imposed to the thruster is lower than the y0 value corresponding to
the chosen y∗.
In Fig.(A.8) the relative distance between the sonic section and the section in which
the flow velocity becomes zero is plotted. This is a very small distance, i.e. the flow
becomes sonic in the vicinity of the inlet section, in accordance with analogous results
previously obtained (Martinez-Sanchez, 1990).
A.4.4 Calculation of losses and efficiency
The volumetric ohmic power loss is
j2
σ
=
1
σ
c2
16pi2
4
c2r2
c2 J0
ln(ra/rc)
(
∂y
∂z
)2
so the power loss because of the Joule effect is
Ploss =
c2 J0
2piσ
∫ L
0
(
dy
dz
)2
dz =
c2 J0
2piσL
a
e
∫ xin
0
(
dy
dx
)2
dx .
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The total electrical power feeding the thruster is equal to the volume integral of
jE =
c
4pi
2
cr
cJ1/20
(ln(ra/rc))1/2
dy
dz
∆V
ln(ra/rc)r
which is
Ptot =
∫ L
0
c∆V J1/20
(ln(ra/rc))1/2
dy
dz
dz
= − c∆V J
1/2
0
(ln(ra/rc))1/2
∫ xin
0
dy
dx
dX
= − c∆V J
1/2
0
(ln(ra/rc))1/2
y(xin)
from which it follows
η = 1− 1
b
∫ xin
0
(
dy
dx
)2
dx
y(xin)
.
Figure A.9: Parametric dependance of thrust efficiency in the case with gasdynamic
contributions. The white line in the figure gives indication of the x value
(as a function of b) where the flow velocity becomes sonic.
In this case with gasdynamic contributions, the maximum efficiency is obtained in
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correspondence of b = bmin =
√
2/3 and of the maximum attainable thruster length.
The numerically evaluated maximum efficiency is in this case ηmax ' 0.7. The white
line in the figure gives indication of the x value (as a function of b) where the flow
velocity becomes zero: only the pairs above this line correspond to solutions with a
subsonic/supersonic transition.
A.5 Limits of the model and the necessity for the axial current
In this Section we analyze a limitation of the model we have described, which demands
a deeper insight into the operation of a coaxial cylindrical SF-MPD thruster.
The simplified quasi-1D models available in the literature, e.g. the works of Kuriki
et al. (1981) or Martinez-Sanchez (1990), dealt with parallel-plate configurations. In
these types of thrusters the mathematical description of the flow is obtained by writ-
ing the governing equations in Cartesian coordinates. In those cases, the problem
is mathematically equivalent to solving the governing differential equations along a
medium height of the channel, assuming that none of the flow or electromagnetic vari-
ables depends on the transverse coordinates of the channel, i.e. they depend only on
the axial coordinate. This implies that it is possible (at least theoretically, and neglect-
ing second order effects) to obtain a quasi-1D flow in a parallel-plate thruster, with the
current density orthogonal to the thruster axis.
In the approach herein described, we have tried to solve the two-dimensional differ-
ential equations governing the flow. It is evident that, because of the assumptions we
have made, there is actually only one variable, the plasma density, which depends on
both the axial and the radial coordinates. This leads to an incoherence of our model,
as the radial variation of the magnetic field has been obtained by assuming that all
and each of the terms in the radial momentum equation are zero, while the radial
dependence of the plasma density implies the presence of an inward-pointing radial
gradient of the plasma pressure.
The radial pressure gradient must be compensated for by the presence of an axial
component of the current density vector creating a radial component of the Lorentz
force. We can estimate how far the equilibria we have found are from the actual
equilibria by calculating the magnitude of the axial current density which is required
to compensate for the radial pressure gradient.
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From Eq.(A.47), making use of previous expressions, we get
p =
γ− 1
γ
hρ =
γ− 1
γ
h
F
vz
=
J0
4pi ln(ra/rc)
[
d2
vˆz
− γ− 1
γ+ 1
vˆz − 8γ− 1
γ
b
y
vˆz
]
1
r2
where we introduced vˆz =
γ+ 1
γ
m˙
J0
vz. The radial pressure gradient is then equal to
∂p
∂r
= − J0
4pi ln(ra/rc)
[
d2
vˆz
− γ− 1
γ+ 1
vˆz − 8γ− 1
γ
b
y
vˆz
]
1
r3
and from the radial momentum equation we get
jz = − 1Bφ
∂p
∂r
= − cJ
1/2
0
8pi (ln(ra/rc))
1/2
[
d2
vˆz
− γ− 1
γ+ 1
vˆz − 8γ− 1
γ
b
y
vˆz
]
1
y
1
r2
.
From Ampère’s law the following expression for the radial current density can be
drawn:
jr = − cJ
1/2
0
2pi (ln(ra/rc))
1/2
1
Lr
(
∂y
∂X
)
.
In order to make a comparison, we can rewrite jz as follows:
jz = − cJ
1/2
0
2pi (ln(ra/rc))
1/2
1
r2
1
4
[
d2
vˆz
− γ− 1
γ+ 1
vˆz − 8γ− 1
γ
b
y
vˆz
]
1
y︸ ︷︷ ︸
= jˆz
.
Fig.(A.5) shows the profiles of jˆz in the two extreme possible regimes. Even if the
estimated axial current density decreases more rapidly along the radius, it is clear
(by comparison with the corresponding jr ∝
dy
dx profiles in Fig. A.4.3) that for the
greater part of the channel jz is comparable to jr (black portion of the curves). It is
even greater than jr near the exit section, where locally the magnetic field goes to zero
while the radial pressure gradient to be compensated remains finite, or in the center
of the channel in the strong electromagnetic case (b = bmin), where the radial current
transport is strongly diminished because of the back-electromotive force, even though
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these considerations do not take into account a possible local radial velocity of the
flow.
It is then clear that our results should be taken as approximate equilibria, in the
sense that they exactly solve the continuity, axial momentum, enthalpy2 and Ampère’s
equations, but they do not fulfill exactly the radial momentum balance.
Figure A.10: Profile of the dimensionless axial current density, i.e. jˆz, in the two
extreme possible regimes.
On the other hand, these observations give us a deeper insight into the dynamics of
the flow in cylindrical SF-MPD thrusters. Our findings implies that there are topological
reasons, i.e. lying in the very nature of the thruster configuration, which leads to the
generation of an axial component of the current density vector, in addition to the pres-
ence of a finite electron Hall parameter which is responsible for current lines bending.
This suggests that coaxial thruster are even more subject (with respect to parallel-plate
thrusters) to the detrimental effects connected to the presence of a pinching compo-
nent of the Lorentz force, which is widely accepted as one the main causes behind
the inception of the onset regime in these thrusters, thus requiring much finer design
skills in order to cope with these issues.
2As long as we neglect the electric field line fringing, and we only take into account an isotropic resis-
tivity, only the radial current density leads to Ohmic heating.
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A.6 Conclusions
The main features of the plasma acceleration in MPD thrusters are described for a
special class of axisymmetric 2D flows. Indeed, the “cold” plasma equations, obtained
by neglecting the gasdynamic pressure in the momentum balance equation, can be re-
duced to an ordinary differential equation describing the dependance of the collected
current on the axial coordinate and whose solutions have been analytically character-
ized. It is shown that different plasma flows can be described in terms of two charac-
teristic parameters, a scaled length of the acceleration channel which depends on the
plasma conductivity and a dimensionless parameter which is directly related to the
applied voltage. The obtained formulation generalizes the quasi-one-dimensional ap-
proach adopted by Kuriki et al. (1981) and Martinez-Sanchez (1990), whose results can
be easily recovered by considering the limit to a planar configuration of the electrodes.
Modifications induced by gasdynamic pressure on the solutions have been also an-
alyzed and a dimensionless parameter that characterizes the gasdynamic effects has
been introduced. The requirement of a smooth transition of the flow from subsonic
to supersonic regimes yields a relationship between the three characteristic parame-
ters (solutions that satisfy this requirement can thus be characterized in terms of the
same two parameters adopted in the ”cold” plasma model) and, at the same time,
constraints the ranges of parameters for which a smooth transition is possible. More-
over, the smooth sonic transition sets the position of the sonic section close to the inlet
section of the acceleration channel.
For both descriptions of the plasma flow, the thrust efficiency has been calculated
in terms of the voltage parameter and of the scaled length of the channel. The results
of these investigations show that a maximum thrust efficiency exists, whose value is
ηmax ∼ 0.7 in both cases.
Due to the cylindrical geometry of the channel, the gasdynamic effects, when in-
cluded in the model, yield an unbalanced force in the radial direction, which can be
partially accounted for by considering a deviation of the current streamlines in the
axial direction. The need of such deviation, which is also consistent with the presence
of a finite electron Hall parameter, shows the intrinsic complexities of the axisymmet-
ric configuration of MPD thrusters, which cannot be completely described in terms of
the axial flow alone. Thus, in order to perform a fully two dimensional analysis of
the problem and to preserve the essential character of the description, a magnetohy-
drodynamic approach (Andreussi and Pegoraro, 2010) is considered as the object of
further developments. Nonetheless, the parametric analysis and the simple approach
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proposed in the present paper give a clear description of the fundamental processes
that characterize the plasma flow in MPD thrusters.
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Analytical solution of whistler
waves in annular plasmas
In this appendix we report all the analytical expressions which have been used to
derive and express the solutions to the whistler wave propagation problem in annular
configurations.
B.1 Fundamental properties of vector differential calculus
Two important identities of vector differential calculus have been employed ((Batche-
lor, 1967), p.602):
∇2V = er
(
∇2Vr − Vrr2 −
2
r2
∂Vθ
∂θ
)
+ eθ
(
∇2Vθ − Vθr2 +
2
r2
∂Vr
∂θ
)
+ ez
(∇2Vz) , (B.1)
valid for any vector field V. The Laplacian of a scalar function φ in cylindrical coordi-
nates is
∇2φ = 1
r
∂
∂r
(
r
∂φ
∂r
)
+
1
r2
∂2φ
∂θ2
+
∂2φ
∂z2
.
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B.2 Properties of Bessel functions
Use has been made of some fundamental properties of Bessel’s functions (Hildebrand
(1962), p.152)
d
dx
ym(αx) = αym−1(αx)− mr ym(αx) , y = J, Y, I
d
dx
Km(αx) = −αKm−1(αx)− mr Km(αx)
d
dx
ym(αx) = −αym+1(αx) + mr ym(αx) , y = J, Y, K
d
dx
Im(αx) = αIm+1(αx) +
m
r
Im(αx)
2
d
dx
ym(αx) = α[ym−1(αx)− ym+1(αx)] , y = J, Y
2
d
dx
Im(αx) = α[Im−1(αx) + Im+1(αx)]
2
d
dx
Km(αx) = −α[Km−1(αx) + Km+1(αx)]
ym−1(αx) + ym+1(αx) =
2m
αx
ym(αx) , y = J, Y
Im−1(αx)− Im+1(αx) = 2m
αx
Im(αx)
Km−1(αx)− Km+1(αx) = −2m
αx
Km(αx)
where Jm, Ym (Im, Km) are respectively the (modified) Bessel functions of first and
second kind of order m.
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B.3 Analytical quantities used to express the closed form solu-
tions
We introduce here a set of quantities which will be used to express the analytical
solutions.
F+j = (β j + k)
Jm−1(TjRin)
Im−1(T3Rin)
, F−j = (β j − k)
Jm+1(TjRin)
Im+1(T3Rin)
G+j = (β j + k)
Jm−1(TjRout)
Km−1(T4Rout)
, G−j = (β j − k)
Jm+1(TjRout)
Km+1(T4Rout)
f+j = (β j + k)
Ym−1(TjRin)
Im−1(T3Rin)
, f−j = (β j − k)
Ym+1(TjRin)
Im+1(T3Rin)
g+j = (β j + k)
Ym−1(TjRout)
Km−1(T4Rout)
, g−j = (β j − k)
Ym+1(TjRout)
Km+1(T4Rout)
F̂+j = (β j + k)Jm−1(TjRin) , F̂
−
j = (β j − k)Jm+1(TjRin)
Ĝ+j = (β j + k)Jm−1(TjRout) , Ĝ
−
j = (β j − k)Jm+1(TjRout)
f̂+j = (β j + k)Ym−1(TjRin) , f̂
−
j = (β j − k)Ym+1(TjRin)
ĝ+j = (β j + k)Ym−1(TjRout) , ĝ
−
j = (β j − k)Ym+1(TjRout)
Hj =
2Tjk
T3
Jm(TjRin)
Im(T3Rin)
, hj =
2Tjk
T3
Ym(TjRin)
Im(T3Rin)
H˜j =
k20
k2s
2Tjβ j
T3
Jm(TjRin)
Im(T3Rin)
, h˜j =
k20
k2s
2Tjβ j
T3
Ym(TjRin)
Im(T3Rin)
Ĥj = Tjβ j Jm(TjRin) , ĥj = Tjβ jYm(TjRin)
Pj =
2Tjk
T4
Jm(TjRout)
Km(T4Rout)
, pj =
2Tjk
T4
Ym(TjRout)
Km(T4Rout)
P˜j = − k
2
0
k2s
2Tjβ j
T4
Jm(TjRout)
Km(T4Rout)
, p˜j = − k
2
0
k2s
2Tjβ j
T4
Ym(TjRout)
Km(T4Rout)
P̂j = Tjβ j Jm(TjRout) , p̂j = Tjβ jYm(TjRout)
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Qj = F+j + F
−
j + Hj , qj = f
+
j + f
−
j + hj
Q̂j = F̂+j + F̂
−
j , q̂j = f̂
+
j + f̂
−
j
Sj = G+j + G
−
j − Pj , sj = g+j + g−j − pj
Ŝj = Ĝ+j + Ĝ
−
j , ŝj = ĝ
+
j + ĝ
−
j
u1 =
q1
s1q2 − s2q1
[
S1 − s1Q1q1
]
, u2 =
q1
s1q2 − s2q1
[
S2 − s1Q2q1
]
û1 =
ĥ2
p̂2ĥ1 − p̂1ĥ2
[
P̂1 − p̂2Ĥ1
ĥ2
]
, û2 =
ĥ2
p̂2ĥ1 − p̂1ĥ2
[
P̂2 − p̂2Ĥ2
ĥ2
]
U1 =
ĥ2
q̂2ĥ1 − q̂1ĥ2
[
Q̂1 − q̂2Ĥ1
ĥ2
]
, Û2 =
ĥ2
q̂2ĥ1 − q̂1ĥ2
[
Q̂2 − q̂2Ĥ2
ĥ2
]
Û1 =
p̂2
ŝ2 p̂1 − ŝ1 p̂2
[
Ŝ1 − ŝ2P̂1p̂2
]
, Û2 =
p̂2
ŝ2 p̂1 − ŝ1 p̂2
[
Ŝ2 − ŝ2P̂2p̂2
]
w1 =
Q1
q1
+
q2
q1
u1 , w2 =
Q2
q1
+
q2
q1
u2
ŵ1 =
Ĥ1
ĥ2
+
ĥ1û1
ĥ2
, ŵ2 =
Ĥ2
ĥ2
+
ĥ1û2
ĥ2
W1 =
Ĥ1
ĥ2
+
ĥ1U1
ĥ2
, W2 =
Ĥ2
ĥ2
+
ĥ1U2
ĥ2
Ŵ1 =
P̂1
p̂2
+
p̂1Û1
p̂2
, Ŵ2 =
P̂2
p̂2
+
p̂1Û2
p̂2
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Zj = F+j − F−j − H˜j , zj = f+j − f−j − h˜j .
B.4 Wave solutions
B.4.1 Insulating boundaries
From the continuity of the three magnetic field components on both the inner and
outer interfaces and of the axial electric field component on the interface with the
inner vacuum we obtain the following solution:
a1 = 1
a2 = −Z1 − z1w1 + z2u1Z2 − z1w2 + z2u2
b1 = −w1 − w2a2
b2 = u1 + u2a2
cR3 = F+1 + f
+
1 b1 + F
+
2 a2 + f
+
2 b2
cR4 = G+1 + g
+
1 b1 + G
+
2 a2 + g
+
2 b2
cL3 = F−1 + f
−
1 b1 + F
−
2 a2 + f
−
2 b2
cL4 = G−1 + g
−
1 b1 + G
−
2 a2 + g
−
2 b2 .
From the previous solution we have that
cR4 − cL4 = (G+1 − G−1 ) + (g+1 − g−1 )b1 + (G+2 − G−2 )a2 + (g+2 − g−2 )b2 .
By applying the last boundary equation, i.e. the continuity of the axial electric field
component on the interface with the outer vacuum region, we obtain an additional
equation which can be expressed as
cR4 − cL4 = P˜1 + p˜1b1 + P˜2a2 + p˜2b2 .
Imposing that the two expressions just obtained be equal, we obtain the eigenvalue
equation which fixes the possible values of the axial wave number k.
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B.4.2 Conducting boundaries
Imposing that the axial electric field component and the radial magnetic field com-
ponent be zero on both the inner and outer boundaries with vacuum we obtain the
following four equations (it is assumed a1 = 1), the last of which can be used as an
eigenvalue equation for the longitudinal wave number k:
a2 = − Q̂1 + q̂1û1 − q̂2ŵ1
Q̂2 + q̂1û2 − q̂2ŵ2
b1 = û1 + û2a2
b2 = −ŵ1 − ŵ2a2
Ŝ1 + ŝ1b1 + Ŝ2a2 + ŝ2b2 = 0 .
Recall that in this case cR3 = cL3 = cR4 = cL4 = 0.
B.4.3 Conducting boundary at inner vacuum interface - Insulating bound-
ary at outer interface
Imposing that the axial electric field component and the radial magnetic field compo-
nent be zero at the inner vacuum interface, and requiring that the three magnetic field
components and the axial electric field component be continuous at the outer vacuum
interface we obtain the following six equations (it is assumed a1 = 1), the last of which
can be used as an eigenvalue equation for the longitudinal wave number k:
a2 = −S1 + s1U1 − s2W1S2 + s1U2 − s2W2
b1 = U1 +U2a2
b2 = −W1 −W2a2
cR4 = G+1 + g
+
1 b1 + G
+
2 a2 + g
+
2 b2
cL4 = G−1 + g
−
1 b1 + G
−
2 a2 + g
−
2 b2
cR4 − cL4 = P̂1 + p̂1b1 + P̂2a2 + p̂2b2 .
Recall that in this case cR3 = cL3 = 0.
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B.4.4 Insulating boundary at inner vacuum interface - Conducting bound-
ary at outer interface
Imposing that the axial electric field component and the radial magnetic field compo-
nent be zero at the outer vacuum interface, and requiring that the three magnetic field
components and the axial electric field component be continuous at the inner vacuum
interface we obtain the following six equations (it is assumed a1 = 1), the last of which
can be used as an eigenvalue equation for the longitudinal wave number k:
a2 = −Z1 + z1Û1 − z2Ŵ1
Z2 + z1Û2 − z2Ŵ2
b1 = Û1 + Û2a2
b2 = −Ŵ1 − Ŵ2a2
cR3 = F+1 + f
+
1 b1 + F
+
2 a2 + f
+
2 b2
cL3 = F−1 + f
−
1 b1 + F
−
2 a2 + f
−
2 b2
Q1 + q1b1+ Q2a2 + q2b2 = 0 .
Recall that in this case cR4 = cL4 = 0.
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